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ABSTRACT 
 
 
 The current flow due to Space-Charge-Limited (SCL) emission is well known and 
the associated current-voltage power law relationship can be observed in many materials, 
particularly in insulators and semiconductors.  Under an applied field, the space-charge 
effect occurs due to the carrier injection, and the resulting current due to the presence of 
the space-charge effect is referred to as SCL current.  In the SCL current theory, the 
presence of localized traps in a material has a significant effect on the transport of 
injected carriers; however, in the first order SCL model, the trap barrier height is assumed 
to be constant for any applied field.  According to the theory of the Poole-Frenkel (PF) 
effect, the barrier height is lowered in the presence of an electric field.  The PF effect, 
which is also a well known conduction mechanism, is the thermal emission of charge 
carriers from Coulombic traps in the bulk of a material enhanced by an applied field.  
When an electric field is applied, the potential barrier on one side of the traps is reduced, 
and due to this barrier lowering, the thermal emission rate of electrons from the traps is 
increased.  Since the presence of traps has a significant effect on the SCL current, the 
barrier lowering due to the PF effect needs to be incorporated into the SCL model. 
 The incorporation of the PF effect into the SCL model has been accomplished 
already; however, the classical PF model was used.  The classical PF model is based on 
the Boltzmann approximation for defining the trapped carrier concentration, which fails 
to predict the saturation of carrier emission once the trap barrier height has been reduced 
to the ground state.  Therefore, the classical PF model leads to erroneous results at high 
ii 
     
fields, which is where it typically becomes significant.  A more physically accurate 
model, which is referred to as the modern PF model, has been introduced by using the 
Fermi-Dirac distribution function to define the trapped carrier concentration.  The 
modern PF model can predict PF saturation, and therefore, this model yields more 
accurate predictions at high fields.  In this research, an SCL current model incorporating 
a modern PF model was derived and analyzed.  The SCL model incorporating the 
classical PF model predicts a current enhancement due to the PF effect; however, it 
predicts a continuous, gradual increase in the current with voltage for all applied fields, 
which is unphysical.  According to the first order SCL current theory, the SCL current-
voltage characteristics shift from the shallow-trap field region to the trap-free-square law 
region at a transition field.  At this transition field, the current increases very sharply for a 
small change in voltage, which is referred to as the Trap-Filled-Limit (TFL) law.  By 
incorporating the modern PF model, not only does the model predict a higher current 
level, but the model also predicts a vertical asymptote in the current-voltage 
characteristics, and this asymptote occurs at the TFL law.  A more advanced SCL model 
was also derived by incorporating the modern PF model and using the exact Poisson 
equation.  The two models discussed above, the SCL models incorporating the classical 
and modern models of the PF effect, used an approximation in the Poisson equation.  By 
using the exact Poisson equation, instead of the model asymptotically approaching 
infinity at the TFL law, it predicts a proper transition from the shallow-trap SCL region to 
the trap-free-square law region.  Also, when the PF saturation field is lower than the TFL 
law, this transition occurs at the PF saturation field instead at the TFL law. 
iii 
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 CHAPTER 1 
INTRODUCTION 
 
 The feature size of microelectronic devices has been scaled since the beginning of 
the semiconductor industry, and traditional materials composing these devices are 
approaching their fundamental material limits.  The introduction of new materials is 
necessary for the continuing scaling of microelectronic devices.  The down-sizing of 
MOS devices has lead to many improvements in the semiconductor industry; however, 
high leakage current in nanometer scale technology regimes has become an important 
issue.  Due to the aggressive scaling of MOS devices and the tremendous number of 
transistors on a chip, the resulting leakage current has become a dominant factor in total 
chip power consumption.  There are many types of leakage current mechanisms, and 
among these, the gate oxide tunneling leakage is one of the most difficult issues 
associated with future device scaling.  New gate dielectric materials with higher dielectric 
constants, or high-k dielectrics, are necessary in order to reduce the equivalent gate oxide 
thickness (EOT) while having a physically thicker gate oxide to reduce the gate oxide 
tunneling leakage current.  The necessity of high-k dielectrics was identified in the 1999 
International Technology Roadmap for Semiconductors (ITRS), and at that time, these 
new materials were expected to emerge in the year 2005 [1].  By the extension of silicon 
oxy-nitrides and the introduction of strain-enhanced-mobility channels, the necessity of 
high-k dielectrics was delayed; however, leading manufacturers are currently 
incorporating high-k dielectrics into their production.  In the long term, other new 
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 materials such as strained silicon channels are expected to be incorporated for further 
scaling, and particularly, for controlling short channel effects.  When the transistor gate 
length is reduced to 10 nm and below, high transport channel materials such as 
germanium, III-V channels on silicon, and carbon nanotubes may eventually be utilized.  
In the memory area, introduction of new diverse materials is also viewed as an important 
challenge.  High-k materials are now in use for both stacked and trench DRAM 
capacitors; and high-k materials are expected to be used for the floating gate Flash 
memory interpoly dielectric by 2010 and for tunnel dielectric by 2013.  Ferroelectric 
random access memory (FeRAM) should eventually appear in commercial products by 
incorporating ferroelectric and ferromagnetic material for storage elements. 
 For successful incorporation of these emerging materials into future technology, a 
good understanding along with accurate modeling of the conduction mechanisms in these 
materials is crucial.  The Poole-Frenkel (PF) effect is a well known conduction 
mechanism that is often used to explain the current flow in a dielectric or a 
semiconductor [2].  The mechanism of the PF effect is the thermal emission of charge 
carriers from Coulombic traps in the bulk of a material enhanced by an electric field [3].  
When an electric field is applied, the barrier height on one side of the trap is reduced, and 
this reduction in the barrier height increases the probability of the electron escaping from 
the trap.  Space-Charge-Limited (SCL) emission is also a well known current mechanism 
that is often used to explain current conduction in non-metallic materials such as an 
insulator and a semiconductor.  Under an applied field, the free carrier concentration can 
be increased due to the injected carriers in the vicinity of a junction formed by different 
2 
 materials [4].  When the injected carrier concentration is larger than its thermal 
equilibrium value, the space-charge effect is said to occur.  The injected carriers 
influence the space charge and the electric field profile.  The resulting field drives the 
current, and this current also induces the field.  The current produced due to the presence 
of a space-charge effect is called the SCL current.  In SCL current theory, the presence of 
localized traps in the forbidden gap has a significant effect on the transport of injected 
current [5].  Not only the magnitude of the current, but the actual characteristics of the 
current-voltage relationship are affected by the presence of the traps.  At high enough 
electric fields, the trap barrier height can be lowered significantly due to the PF effect, 
and this reduction in the barrier height raises the current levels higher than those 
predicted by the standard SCL current theory.  In this thesis, models for SCL current 
incorporating the PF effect are presented and discussed.  It has been reported that SCL 
current and the PF effect are observed in many materials [6, 7, 8, 9, 10, 11].  In some 
materials, the SCL current and the PF effect are observed in the same material; however, 
many authors considered the SCL current and the PF effect to be two independent 
conduction mechanisms [9, 10, 11, 12,].  By developing a more accurate SCL current 
model incorporating the PF effect, a better understanding of the conduction mechanisms 
in these materials may be obtained. 
 An SCL model incorporating the PF effect has been developed already [13], [14].  
However, the classical model of the PF effect was used in [13] and [14].  Due to the 
limiting assumptions made in the classical PF model, the range of phenomena that can be 
studied is limited.  By replacing the Boltzmann approximation with the Fermi-Dirac 
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 distribution function, the modern model of the PF effect can be obtained [15].  In the 
modern PF model, saturation of the PF effect is predicted while the classical model 
predicts PF emission without bound.  The primary goal of this thesis is to develop a 
model for the SCL current incorporating the modern model of the PF effect.  The 
resulting model not only yields more accurate predictions, it provides some new insights 
into the principle mechanisms of SCL current transport.   
 In order to achieve this goal, this thesis is organized with the following structure.  
In Chapter 2, we review the basic SCL current theory.  The overall characteristics of 
current flow along with insights into the underlying physics are discussed using a 
phenomenological analysis based on a simplified model which ignores the spatial 
variation of some physical quantities.  After the general description of the basic SCL 
current theory is presented, the exact analytical formulation is derived in order to obtain 
the exact solution of the SCL current-voltage characteristics. 
 In Chapter 3, a brief review of the PF effect is presented.  The basic theory of the 
classical PF effect and its inherent limitations are discussed first.  The modern model of 
the PF effect is then presented and discussed.  Improvements in the modern PF model 
over the classical PF model are shown along with the limitations present even in this 
more advanced model. 
 In Chapter 4, incorporation of the classical PF model into the SCL model is 
presented.  The development of this model was originally published by Murgatroyd [13] 
and Barbe [14].  The derivations of the models given in [13] and [14] are presented in 
4 
 detail, and a comparison and discussion of the results are presented.  This background is 
important in order to understand our new model presented in Chapters 5 and 6. 
 In Chapter 5, our incorporation of the modern PF model into the SCL model is 
presented.  The basic approach of Murgatroyd and Barbe are followed, while using the 
modern PF model.  Needless to say, mathematical manipulations involving the modern 
PF model are much more complicated than those of the classical model.  An analytical 
solution to the SCL current-voltage characteristics incorporating the modern PF model 
could not be obtained; however, an analytical solution to the current-electric field 
characteristics for the model was obtained.  The classical and modern models are 
compared and discussed. 
 In Chapter 6, the effect of PF saturation on the SCL mechanism is investigated.  
From the results in Chapter 5, some differences between the classical and the modern PF 
models are observed; however, due to the assumptions made, the effect of PF saturation 
could not be observed.  Therefore, a more advanced SCL model incorporating the 
modern PF model is derived without the assumptions made in Chapter 5.  By eliminating 
these assumptions, an interesting behavior was observed at the PF saturation field.    
 In Chapter 7, we present a summary and conclusion of this research.  
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 CHAPTER 2 
BASIC SPACE-CHARGE-LIMITED CURRENT THEORY 
 
 The primary goal of this research is to develop the space-charge-limited (SCL) 
current theory with inclusion of the Poole-Frenkel (PF) model.  In order to achieve this 
goal, a good understanding of the SCL current theory is crucial.  A good explanation of 
the basic SCL current theory is provided in [5] by M. A. Lampert and P. Mark, and it is 
the basis for this chapter.  The overall characteristics of the current flow and insights into 
the underlying physics are discussed through the phenomenological analysis, which is a 
simplified model that ignores the spatial variation of some quantities.  After the overall 
understanding of the basic SCL current theory is obtained, the exact analytical 
formulation is used to obtain the exact solution of the SCL current-voltage 
characteristics. 
 
2.1 Basic Concepts of Current Injection in Solids  
 
 Several decades ago, an insulator was viewed as a non-conducting material, and 
its function in electrical technology was to provide electrical insulation [5].  Under an 
applied voltage, any insulator carried a relatively small, or negligible, current at least up 
to electrical breakdown.  Because of such an interpretation, current injection into 
insulators was not an appealing area of study.  However, due to the success of solid-state 
electronics, the interest in the properties of current injection into insulating materials has 
6 
 grown.  By the introduction of the quantum theory, a new point of view of the insulator 
emerged.  Soon after the introduction of the quantum theory, Bloch (1928) introduced the 
energy-band diagram, which provides a theoretical framework for the understanding of 
electrical conduction in non-metallic solids [16].  In 1940, Mott and Gurney made an 
important observation based on the energy-band viewpoint [17].  They stated that it is 
possible to obtain injection of electrons from a proper contact into an insulator, or 
semiconductor, in a manner analogous to their injection from a thermionic cathode into 
vacuum [18]. 
 In the case of semiconductors, a space charge region exists and consists of the 
immobile ionized dopants and the free-carrier concentration [4].  In the neutral region, 
the space-charge density is zero because n = ND and p = NA, where n is free the electron 
concentration, p is the free hole concentration, ND is the donor doping concentration, and 
NA is the acceptor doping concentration.  Under bias, the free-carrier concentration can 
be increased due to the injection of free-carriers in the vicinity of a junction formed by 
different materials.  When the injected free-carrier concentration is larger than the 
thermal equilibrium value, the space-charge effect is said to occur.  The injected carriers 
influence the space charge and the electric field profile.  The resulting field drives the 
current, and this current also sets up the field.  The current produced due to the presence 
of a space-charge effect is called the space-charge-limited (SCL) current [4].  Figure 
2.1.1 shows the energy band diagrams for a metal-vacuum contact and a metal-
insulator/semiconductor contact [5].  EF is the Fermi level, Evac is the vacuum level, and 
EC is the lowest conduction band level for the material.  As illustrated in these figures, the 
7 
 two diagrams are very similar.  When electrons in the metal are thermally excited to an 
energy sufficient to overcome the barrier, Ф, at the emission surface, electrons are 
injected from the metal into the conduction band of the material, just like they are emitted 
from a heated cathode into a vacuum.  Mott and Gurney noted that the barrier height at 
the metal-insulator/semiconductor contact is substantially smaller than the corresponding 
work function barrier for the metal-vacuum contact [17].  Therefore, even at room 
temperature or lower, there may be sufficient electrons available at the contact to support 
SCL electron flow into the material.  The frequent collisions with the thermal vibrations 
of the material (phonons) and the chemical impurities and structural imperfections in the 
material are the dominant factors of electron flow in the conduction band of the material 
[5].  Therefore, the mathematical description of the SCL current in an 
insulator/semiconductor is somewhat different from the current in a vacuum.  However, 
this mathematical description is more a matter of detail than of principle.  A more 
important effect is produced by the localized electronic states associated with the 
impurities and structural imperfections. 
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Figure 2.1.1:  Energy-band diagrams for (a) the contact of a metal to a 
vacuum and (b) the contact of a metal to an insulator/semiconductor. 
 
 In their study of the current injection problem, Mott and Gurney observed that the 
presence of localized electron traps located in the forbidden gap could drastically 
interfere with the passage of injected current, especially at low temperatures where the 
captured electrons are stable [17].  Mott and Gurney’s remarks were later elaborated by 
Rose on [18] and [19] who gave a detailed description of the form and magnitude of the 
reduction in injected current due to localized trapping of the injected carriers.  Figure 
2.1.2 illustrates an energy-band diagram for a contact of a metal to an 
insulator/semiconductor including two electron trapping states [5].  Et1 and Et2 refer to the 
trapping levels for each set of traps. 
9 
  
Figure 2.1.2:  Energy-band diagram for a contact between a metal and an 
insulator/semiconductor with traps. 
 
 
 
 Figure 2.1.1 and Figure 2.1.2 only refer to metal-insulator/semiconductor contacts 
with ordinary insulator/semiconductor band-bending to promote injection.  In the 
material shown in Figure 2.1.1 and Figure 2.1.2, the free carrier concentration is uniform 
throughout the material, and therefore, the energy difference between the conduction 
band and the Fermi level is constant except at the junction.  In practice, there are a variety 
of possible injecting contacts.  In Figure 2.1.3, several varieties of injecting contacts are 
shown.  In Figure 2.1.3a and Figure 2.1.3b, the bulk property of a semiconductor lies to 
the right of the plane C, and it is heavily doped in the vicinity of the contact.  In Figure 
2.1.3a, the electron injection takes place from the n+ region to the bulk over the n+-n or 
n+-i (intrinsic) junction.  The n+ region in this diagram is non-degenerate because the 
Fermi level is below the conduction band.  Therefore, this contact is useless as an 
electron-injecting contact at low temperature because carrier freeze-out takes place.  
Figure 2.1.3b is similar to that shown in Figure 2.1.3a, but the conduction band in Figure 
10 
 2.1.3b is below the Fermi level.  Therefore, the n+ region is now degenerate.  Since 
carrier freeze-out never takes place, this contact can inject electrons even at the low 
temperature.   Figure 2.1.3c illustrates a conventional electron-blocking contact.  
However, the potential barrier is very thin so that tunneling of electrons takes place with 
a modest voltage.  Figure 2.1.3d illustrates the generation of electrons through an 
illumination of the surface of the insulator/semiconductor with an intense beam of 
strongly absorbed light of frequency υ such that hυ > EG, where h is the Planck constant 
and EG is the band-gap energy.  All five contacts shown in Figure 2.1.2 and 2.1.3a-d are 
useful for studying injection current.  In practice, fabricating a proper contact is often 
difficult, and frequently, a significant portion of a research program is spent on solving 
the contact problem.  However, the practical problem of fabricating the contact does not 
need to be included in the theoretical study because the behavior of one-carrier SCL 
injection currents is completely dominated by the bulk properties. 
 
Figure 2.1.3:  Various types of contacts for electron injection:  (a) non-
degenerate n+-n semiconductor contact; (b) degenerate n+-n semiconductor 
contact; (c) electron blocking contact; (d) light generated contact [5] 
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  One of the most significant contributions to the study of injection currents is 
obtaining information about defect states in the forbidden gap [5].  Localized defect states 
have a strong influence on the injected current in response to an applied voltage.  Not 
only the magnitude of the current, but the actual form of the current-voltage 
characteristics is influenced by the interaction of the injected carriers with such defect 
states.  Figure 2.1.4 illustrates the ideal current-voltage characteristics for one-carrier 
SCL current injection into a material with a single discrete trapping level.  The detailed 
discussion and the derivation of this curve will be discussed in great detail in later 
sections; however, a brief overview of the figure is as follows.  The SCL current-voltage 
characteristics are typically illustrated in a log-log plot because the SCL current and 
voltage have a power law relationship.  At small voltage, the SCL current is not 
noticeable, and Ohm’s law dominates the current-voltage characteristics due to the 
presence of thermal equilibrium free carriers.  When the voltage becomes large enough, 
the SCL current starts to be noticeable and enters the shallow trapping field region.  As 
the voltage increases further, more electrons are injected, and eventually, these injected 
electrons fill all the trapping sites in the material.  At the trap-filled-limit (TFL) law or at 
VTFL, the entire population of traps has been filled, and the current rises nearly vertically.  
After this very sharp increase in the current, the current-voltage relationship is 
characterized by the trap-free-square law.   By knowing the voltage VTFL in Figure 2.1.4, 
the concentration of the trapping states can be found, and the displacement D yields their 
energetic location in the forbidden gap [5]. 
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Figure 2.1.4:  Log-log plot of current-voltage characteristics for one-
carrier, SCL current injection into an insulator with a single trapping level. 
 
 
 For simplicity, throughout the entire discussion in this thesis, only homogeneous 
samples are considered with steady-state, dc, planar, one-dimensional current flow.  
Breakdown phenomena are not considered, and almost all of the detailed studies are 
based on low field phenomena with constant field-independent mobility.  Also, 
throughout the discussion, the terms “insulator” and “semiconductor” are not clearly 
distinguished in a sharply defined sense.  We will roughly define an “insulator” to be a 
highly resistive material with a “wide band-gap” (with, say EG >~ 2 eV), and define a 
“semiconductor” to be a low resistive material with a “narrow band-gap” (with, say EG 
<~ 2 eV). 
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 2.2 Phenomenological Analysis of Space-Charge-Limited Current Theory 
 
 Phenomenological analysis of the space-charge-limited (SCL) current 
mechanisms was introduced by A. Rose in order to describe the overall characteristics of 
current flow and to obtain insight into the underlying physics of one-carrier injection with 
some simplicity [18].  The theory of one-carrier currents must consider free and trapped 
charge concentrations, free-carrier drift velocity, and electric field intensity.  In 
phenomenological analysis, the spatial variation of these quantities is not considered.  
Instead, their effective values are used.  This simplification works well because for planar 
current flow, the spatial variation of these quantities is relatively moderate over the 
region between cathode and anode.  The effective values of these quantities are not 
always precise mathematical averages.  However, the relations derived by the 
phenomenological analysis are correct in their functional dependence on all physical 
quantities and contain only an incorrect numerical coefficient.  The error in this 
numerical coefficient is generally smaller than a factor of 2.  The exact analytical 
formulation will be discussed later in this chapter. 
 
2.2.1 The Perfect Insulator 
 The perfect insulator is free of traps with a negligible free carrier concentration in 
thermal equilibrium.  The current density can be written as 
     or     ,injected injectedJ J Q tρ υ= =  (1) 
14 
 where ρinjecdted is the average, injected free charge concentration, υ is the average drift 
velocity of a free electron, Qinjected is the total injected free charge per unit area between 
cathode and anode, and t is the transit time of a free electron between cathode and anode.  
The quantities υ and t, and ρinjected and Qinjected are related by 
 /      and     ,injected injectedt L Q Lυ ρ= =  (2) 
where L is the distance between cathode and anode.  As shown in (1), J is written as a 
pure drift current.  Diffusion currents are noticeable only in the immediate vicinity of the 
contacts.  Since the role of the contacts is not considered in this analysis, ignoring 
diffusion currents is legitimate. 
 From basic electrostatics, the total charge per unit area, Q0, on one plate of a 
parallel-plate capacitor is proportional to the voltage V across the capacitor, which can be 
written as 
 0 0 0    and    ,Q C V C Lε= =  (3) 
where ε is the dielectric constant of the medium between the plates, C0 is the capacitance 
per unit area of the parallel-plate capacitor, and L is the distance between the plates.  
From the electrostatic viewpoint, the current injection problem is very similar to that of 
the capacitor.  Therefore, it is reasonable to say that the total charge per unit area, Qinjected, 
injected into the material is proportional to the voltage between the cathode and anode.   
 ( ) .injectedQ CV Lε V∴ ≅ =  (4) 
where C is the capacitance of the material between the cathode and anode.  By combining 
(1), (2), and (4), the current density becomes, 
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  2 .J C V L V Lυ ευ=  (5) 
For electric field strengths that are not too high, an electron drift velocity can be defined 
by 
 ( ) 2    and      ,V L t L Vυ μ μ με= = ∴ =  (6) 
where μ is the free-electron drift mobility and ε  the average electric field intensity.  By 
combining (5) and (6), the current-voltage equation can be obtained and becomes 
 ( )2 3 .J V Lεμ  (7) 
When the numerical coefficient 9/8 is included in (7), the resulting equation is identical 
to the well known trap-free square law, 
 ( ) ( )2 39 / 8 .J V Lεμ=  (8) 
Equation (8) is also known as the Mott-Gurney square law and Child’s law for solids [5].  
This square law is the reason why the SCL current characteristics are typically shown on 
a log-log plot.  The analytical derivation of (8) will be presented later in this chapter. 
 
2.2.2 The Trap-Free Insulator in the Presence of Thermal-Free Carriers 
 In this section, the trap-free insulator with inclusion of thermally generated free 
electrons, of concentration n0, is discussed.  A possible source of these electrons might be 
a set of donor traps that is so shallow; i.e., having small ionization energy, that they are 
not effective as electron traps.  At low applied voltages, Ohm’s law dominates the 
current-voltage characteristics, and it can be written as 
 ( )0J qn V Lμ= . (9) 
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 However, at any voltage, there will be some excess charges injected into the material, 
given by (4).  As discussed in Section 2.1, when the density of injected carriers is large, 
the space charge effect occurs, and these injected carriers influence the space charge and 
the electric-field profile.  There is no significant departure from Ohm’s law until the 
average, injected excess free-electron concentration, ninjected, becomes large enough to be 
noticeable.  When ninjected becomes comparable to n0, the space-charge-limited (SCL) 
mechanism becomes noticeable, and the current-voltage characteristics change.  
Therefore, the onset of SCL current injection takes place when the current-voltage 
characteristics begin to crossover from Ohm’s law (9) to the trap-free square law (7).  
The voltage at which this crossover occurs is the crossover voltage, VX. 
 The total charge density injected into the insulator is given by 
 injected injected injectedQ L qn Lρ= = . (10) 
As stated above, the crossover from Ohm’s law (9) to the trap-free square law (7) does 
not take place until ninjected becomes large enough to be comparable to n0.  Therefore, we 
define the transition from Ohm’s law (9) to the trap-free square law (7) to be a point 
when ninjected is equal to n0.  The crossover voltage VX is the voltage when ninjected = n0. 
When ninjected = n0, equation (10) can be written as  
 ( )0injected X XQ qn L CV Lε= =  V . (11) 
By solving (11), VX can be written as 
 ( )20 .XV qn L ε  (12) 
17 
 The crossover voltage, VX, given by (12) is the voltage at which the current-voltage 
characteristics transits from Ohm’s law to the trap-free square law.  In Figure 2.2.2.1, the 
current-voltage characteristics for a trap-free insulator in the presence of thermal-free 
carriers are illustrated. 
Current
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Figure 2.2.2.1:  SCL current-voltage characteristics for a trap-free insulator 
in the presence of thermal-free carriers on a log-log plot. 
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 2.2.3 Thermal Free and Trapped Carriers in an Insulator with Traps 
 The presence of electron traps is inevitable in a real material.  Generally, the 
current at low injection levels is reduced by the electron traps because the traps that are 
initially empty will capture most of the injected carriers.  Although the current is reduced 
with the presence of electron traps, the value of excess charge that can be supported in 
the insulator at applied voltage V, which is given as injectedQ CV= , is the same regardless 
of whether the excess charges are free or trapped.  Therefore, (2) can be rewritten as 
 ( ),( )injected injected trapped injectedQ Lρ ρ ε= + = CV L V , (13) 
where ρtrapped,injected is the average, injected, trapped charge concentration which means the 
charge concentration that is injected and then captured by the traps present in the 
material.  Note that because trapped carriers do not contribute to the conduction, 
as in /injectedJ Q t= (1) is no longer valid, although injectedJ ρ υ=  is still valid.   
 In addition to (1) and (13), a third relationship that shows the relationship between 
ρinjected and ρtrapped,injected is necessary in order to derive the space-charge-controlled 
current-voltage characteristics.  In order to obtain this relationship, first the relationship 
between the free and trapped carriers in thermal equilibrium is considered.  For a non-
degenerate material, the thermal-equilibrium free electron concentration is given by 
 ( )0 exp /C F Cn N E E kT⎡ ⎤= −⎣ ⎦ , (14) 
where NC is the effective density of states in the conduction band, EC is the energy of the 
bottom of the conduction band, k is Boltzmann’s constant, and T is the temperature in 
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 Kelvin.  The thermal-equilibrium concentration of the trapped electrons ntrapped,0 at the 
trap level Et is given by 
 
( )
( )
,0
01 (1/ )( / )1 (1/ )exp /
where exp /
t t
trapped
t F
C t C
N Nn
g N ng E E kT
N N E E kT
= = +⎡ ⎤+ −⎣ ⎦
⎡ ⎤= −⎣ ⎦
. (15) 
In (15), Nt is the concentration of traps, and g is the degeneracy factor for the traps.  The 
presence of a moderate electric field will not affect the processes of electron capture and 
thermal re-emission.  In the presence of a moderate applied field, the balance between 
free and trapped electrons is altered only through the change in free-electron 
concentration accompanying injection.  When the electric field is applied and excess 
carriers are injected, the corresponding Fermi level is referred to as the quasi-Fermi level 
since the device is no longer in thermal equilibrium.  The quasi-Fermi level, EFQ, is 
related to the non-equilibrium free carrier concentration, n, by writing 
 . (16) 0 exp[( ) / ]injected C FQ Cn n n N E E kT= + = −
The trapped electron concentration, ntrapped, was given by (15).  The only difference in 
obtaining ntrapped at thermal equilibrium and with an applied electric field is that the quasi-
Fermi level is used instead of the Fermi level.  Therefore, the trapped electron 
concentration can be written as: 
 ( ), ,0 1 (1/ )( / )1 (1/ ) exp /t ttrapped trapped injected trapped t FQ
N Nn n n
g N ng E E kT
= + = = +⎡ ⎤+ −⎣ ⎦
 (17) 
Equation (17) is the total trapped carrier concentration. 
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 2.2.4 The Insulator with Shallow Traps 
 An electron trap at an energy level Et is said to be shallow if the Fermi level is 
below Et; i.e., .  It is convenient to introduce a notation that represents 
the ratio of the free to the trapped carrier concentrations [
( ) /t FQE E kT− 1>
1
5].  Using (16) and (17), 
for , ( ) /t FQE E kT− >
 expC t C
trapped trapped t
N E En
n gN kT
ρ θρ
−⎛ ⎞= = ⎜ ⎟⎝ ⎠ ≡  (18) 
where ρ is the total free charge concentration and ρtrapped is the total trapped charge 
concentration.  θ is a constant and independent of injection level as long as the traps 
remain shallow. 
 In a field region where the shallow trap SCL current is dominating the current 
characteristics, the trapped carrier concentration is much greater than the free carrier 
concentration.  Therefore, the ratio of the free to the trapped carrier concentrations is 
much smaller than a unity; i.e., θ << 1.  When θ <<1, equation (13) becomes, 
 
( ),
,
injected injected trapped injected
trapped injected
Q L
L
ρ ρ
ρ
= +

. 
Also, in a field region where the SCL current is dominating the current characteristics, 
the injected charge density is much greater than the charge density at thermal 
equilibrium, and therefore, 0injected injectedρ ρ ρ ρ= +   and 
, ,0trapped trapped injected trapped trapped injected,ρ ρ ρ ρ= +  .  Therefore, equation (18) becomes 
,
injected
trapped trapped injected
ρρθ ρ ρ=  , and therefore ,
injected
trapped injected
ρρ θ= .  Thus, (13) becomes 
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  injectedinjected
LQ ρ θ . (19) 
From (4) and (19), 
  injectedinjected
L VQ L
ρ εθ  . (20) 
 
By solving (20) for ρinjected and then combining (1), (6), and (20), the current density for 
the shallow trapping SCL becomes, 
 ( )2 3J Vθεμ L
0
. (21) 
Similar to equation (8) in Section 2.1, equation (21) differs from the correct, analytically 
derived result only by the numerical coefficient of 9/8.  Also, it should be mentioned 
again that (21) is valid only if the Fermi level lies below Et.  The Fermi level keeps rising 
as the injection level increases with applied voltage.  When the Fermi level increases 
above Et, a different analysis is needed. 
 In Section 2.2.2, it was discussed that the voltage-current characteristics cross 
over from Ohm’s law to a square law, and the voltage at this crossover is defined as VX.  
When the injected carrier concentration is equal to the thermal equilibrium carrier 
concentration, .  The onset of the SCL injection for shallow traps 
occurs when the free-electron concentration is doubled through injection.  By using 
0 2injectedn n n n= + =
(20) 
with ninjected = n0, and again using (11) to relate Qinjected to VX, the crossover voltage VX is 
determined as, 
 20XV qn L θε . (22) 
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 As seen in (22), the crossover voltage, VX, from Ohm’s law (9) to the shallow-trap square 
law (21) will be 1/ θ times the crossover voltage VX for the trap-free material given in 
(12).  Note that θ is a function of the trap density, Nt, and the trapping level, Et, as seen in 
(18), and therefore, the shallow trap SCL current density (21) and the crossover voltage 
(22) are a function of Nt and Et. 
 
2.2.5 The Insulator with Deep Traps 
 An electron trap is said to be deep if Et lies below the Fermi level; i.e., 
.  In thermal equilibrium, the density of the traps that are empty, 
p
( ) /FQ tE E kT− 1>
trapped,0, is given by, 
 ( ),0 ,0 exp1 exp /t t ttrapped t trapped F t
N N Ep N n
g kTg E E kT
−⎛= − = ⎜⎡ ⎤+ − ⎝ ⎠⎣ ⎦
 FE ⎞⎟
1
, (23) 
where the last expression is valid for ( ) /FQ tE E kT− >  [5]. 
 As discussed in the previous sections, Ohm’s law (9) dominates for applied 
voltages less than VX, the voltage at which the injected free-electron concentration, 
ninjected, becomes comparable to the thermal equilibrium free carrier concentration n0 (n0 = 
ninjected).  In section 2.2.4, it was discussed that the increase in the free carrier 
concentration from the thermal equilibrium value causes an increase in the quasi-Fermi 
level, EFQ.  This increase in the Fermi level results in filling many of the deep traps.  The 
deep traps are completely filled when the total injected electron concentration, 
, is equal to the density of the empty traps at thermal ,total injected injected trapped injectedn n n= + ,
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 equilibrium, ptrapped,0.  The cross-over voltage, VX, is the voltage required to fill the deep 
traps which can be written as, 
 
2
,0 ,0
0 0
trapped trappedX
X
qp L qp LQV
C C ε=  , (24) 
where QX is the total injected charge density when the deep traps have just been filled 
with electrons.   
 Now, the variation of current with applied voltage beyond VX in the presence of 
deep traps is explored.  In the deep trap current-voltage characteristics, an increase in 
current is substantial for a small change in voltage beyond VX.  To show a change in 
current for a small change in voltage, the change in current is estimated by considering a 
doubling of the voltage, V = 2VX.  Note that there is nothing special about the doubling 
of the voltage here; however, keep in mind that a doubling of a quantity is very small 
change in logarithmic scale.  Due to the proportionality of the total injected charge to 
voltage, the total injected charge is also doubled when the voltage is doubled; i.e., 
.  Since the traps were completely filled at V(2 ) 2injected X XQ V = Q X, the additional injected 
carriers must all appear in the conduction band.  The ratio of the currents at the two 
voltages can be written as, 
 ,0 ,0
0 0
2(2 ) 2 (2 )
( ) ( ) 2
trapped trappedX X
X X
p pJ V n V
J V n V n n
    (25) 
The number 2 appears in the numerator of the second expression in (25) due to the 
doubling of the applied field when the voltage is doubled.  Note that we have used the 
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 relationship, .  Furthermore, we assume that n(2V0( ) 2Xn V n X) = ptrapped,0 because all the 
additional injected carriers appear in the conduction band; i.e., 
,0(2 )injected X X X trappedQ V Q Q qp L− = =  
and 
,0(2 ) ( ) ( )injected X injected X injected X trappedn V n V n V p− = = . 
Even though the voltage is only doubled, the ratio ,0
0
(2 )
( )
trappedX
X
pJ V
J V n
  can typically be 
many orders of magnitude [5].  Therefore, the increase in current for a small increase in 
voltage is significant for voltages beyond VX. 
 In Figure 2.2.5.1, qualitative current-voltage characteristics for an insulator with 
deep traps are illustrated.  The current-voltage curve follows Ohm’s law (9) for voltage 
less than VX.  As discussed above, for voltages beyond VX, the increase in current is very 
large for a small change in voltage, and this current-voltage behavior is shown in Figure 
2.2.5.1 as a nearly vertical rise of current at V=VX.  Shortly beyond VX, the current-
voltage curve merges with the trap-free square law (7) because the entire trap population 
is filled with electrons already and the injected free electrons contribute directly to the 
conduction.  The nearly vertical rise in current shown in Figure 2.2.5.1 is one of the most 
dramatic results of the theory of current injection in insulators.  If the SCL current 
injection theory were not known, this phenomenon would probably be misinterpreted as 
an electrical breakdown in a material. 
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Figure 2.2.5.1:  SCL current-voltage characteristics for an insulator with 
deep traps on a log-log plot. 
 
 
2.2.6 Complete Current-Voltage Characteristics for a Single Trapping Level 
 The SCL current-voltage characteristics for single set of traps are shown in Figure 
2.2.6.1.  As seen in Figure 2.2.6.1, Ohm’s law, the trap-free square law, and the trap-
filled-limit (TFL) law form a triangle in the log(J) – log(V) plot [5].  For a single set of 
traps of concentration Nt with a given position of the Fermi level, a family of current-
voltage characteristics can be observed for materials with different trap energy levels Et.  
This family of current-voltage characteristics is contained in a triangle, which is 
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 illustrated in Figure 2.2.6.1.  Ohm’s law and the trap-free square law have already been 
discussed in Sections 2.2.2 and 2.2.3.  The vertical TFL law illustrated in Figure 2.2.6.1 
can be defined with a hypothetical, and in this case, unphysical situation in which all the 
traps are filled before a voltage is applied.  Under this condition, no current can flow until 
enough voltage is applied to support the total excess charge density.  Since all the traps 
are filled, the total excess charge density is defined as, 
 TFL tQ qN L= . (26) 
In order to let the current flow, enough voltage needs to be applied to support QTFL.  
From (4) and (26), the voltage necessary to support QTFL can be written as, 
 
2
t
TFL
qN LV ε≈ . (27) 
Since no current can flow until VTFL, at the TFL law, the current rises nearly vertically 
with voltage, and it merges with the trap-free square law at V beyond VTFL.  Returning to 
the real (physical) problem, no matter where the trap level Et is, the corresponding J-V 
plot lies above the Ohm’s law, below the trap-free square law, and to the left of the TFL 
law. 
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Figure 2.2.6.1:  SCL current-voltage characteristics for single set of traps 
on log-log plot. 
 
 
 The family of current-voltage characteristics consists of two sub-families:  deep 
traps and shallow traps.  The case of deep traps was discussed in Section 2.2.5.  A typical 
characteristic of an insulator with deep traps is shown in Figure 2.2.6.1.  The voltage 
corresponding to the vertical section occurs inside the triangle and is VX which is given in 
(24).  The deeper the trap level, Et, the larger (EFQ – Et)/kT, and the smaller VX (the 
deeper the trap level, the smaller the density of empty traps).  When the trap level Et is so 
deep that they are not effective as traps, the vertical portion disappears, and the current-
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 voltage characteristics transitions directly from Ohm’s law (9) to the trap-free square law 
(8) at VX given in (12) just like a trap-free insulator in the presence of thermal free 
carriers discussed in Section 2.2.2. 
 The case of shallow traps was discussed in Section 2.2.4.  The current-voltage 
curve follows Ohm’s law (9), and it transitions to the shallow-trap square law (21) at VX 
given in (22).  As long as the Fermi level lies below the trap level Et, the traps are 
shallow, and the current-voltage characteristics follows the shallow-trap square law (21) 
after it transitions from Ohm’s law (9).  However, the Fermi level keeps rising as 
electrons are being injected.  Therefore, in the neighborhood of V = VTFL, the Fermi level 
crosses Et, and the current-voltage curve merges with the TFL law.  After the Fermi level 
crosses the Et in the vicinity of VTFL, these traps become deep traps, and current increases 
sharply for small change in voltage at VTFL just like the case of deep traps discussed in 
Section 2.2.5.  A typical current-voltage characteristic for the case of shallow traps is 
shown Figure 2.2.6.1.  Note that if Et were very close to the conduction band, these traps 
are so shallow that they are not effective as electron traps.  In this case, the current-
voltage curve transitions directly from Ohm’s law (9) to the trap-free square law (8) at VX 
given in (12) just like a trap-free insulator in the presence of thermal free carriers 
discussed in Section 2.2.2. 
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 2.3 Analytical Formulation 
 
 In section 2.2, a solid understanding of space-charge-limited (SCL) current theory 
was obtained from a simple phenomenological analysis.  However, in the 
phenomenological analysis, the arguments are based on the average behavior of 
quantities such as free and trapped charge concentrations, free-carrier drift velocity, and 
electric field intensity.  Therefore, information about the detailed behavior of these 
quantities can not be obtained.  To obtain such information, dealing with algebraic and 
differential equations that characterize the current flow and obtaining the solutions that 
satisfy the proper boundary conditions are necessary.  By dealing with such an analytical 
derivation, the current-voltage characteristics with a more accurate numerical constant 
can be obtained. 
 
2.3.1 The Simplified Theory 
 Throughout the discussion in this thesis, the simplified theory of SCL current 
theory will be considered.  The simplified theory is based on two assumptions [5]: 
a) Diffusion currents are neglected, and only drift currents are considered. 
b) An infinite amount of electrons are available for injection at the cathode. 
Assumption (a) is valid because diffusion currents are significant only in the vicinity of 
the injection contact, and the assumption (b) makes the theory independent of contact 
properties.  As discussed in section 2.1, fabricating a proper contact and dealing with 
various types of the injecting contact may be issues in a real experiment.  However, the 
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 behavior of SCL currents is completely dominated by the bulk properties.  Therefore, 
these issues with the contact are not an issue in a theoretical study of the SCL 
mechanism.  These two assumptions compliment each other.  Assumption (a) is not only 
important for the simplification of mathematical details, but it is necessary for 
assumption (b) to be possible.  If an infinite amount of electrons are available at the 
contacts, this electron density would yield an infinite diffusion current.  Therefore, 
diffusion currents need to be ignored.     
 The equations that characterize the SCL mechanism are the current equation 
itself, Poisson’s equation, and the equations relating the free- and trapped- electron 
concentrations at the position x [5].  The injecting contact is at x = 0, the cathode, and the 
anode is at x = L.  Figure 2.3.1.1 illustrates a simple SCL mechanism. 
 
Figure 2.3.1.1:  A typical SCL mechanism. 
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  The current equation is simply the sum of drift and diffusion currents.  As stated 
in assumption (a), diffusion currents are neglected.  Therefore, the current equation is 
simply, 
 ( ) ( ) constantJ q n x xμ ε= = . (28) 
Note that unlike section 2.2, n is now position dependent.  Likewise, other quantities such 
as ntrapped, ε , and EF are also position dependent in this treatment. 
 The Poisson equation used to model SCL current can be written as, 
 ,
0 ,
( ) ( ) ( )
( ( ) ) ( ( ) )
injected trapped injected
trapped trapped
d x n x n x
q dx
n x n n x n
ε
0
ε⎛ ⎞⎛ ⎞ = +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
= − + −
. (29) 
In equation (29), ( )xε  is an external applied electric field necessary to support the total 
injected charge carriers.  Therefore, the left hand side of (29) is essentially a total injected 
electron concentration where an injected carrier concentration is a total carrier 
concentration minus a thermal equilibrium carrier concentration; i.e., 
 and 0( ) ( )injectedn x n x= − n ,0, ( ) ( )trapped injected trapped trappedn x n x n= − .  Note that a negative sign 
does not appear in Poisson’s equation given in (29).  This absence of a negative sign is 
consistent with the polarity of J, because as seen in Figure 2.3.1.1, the direction of J is 
from x = L to x = 0.  Also, note that although n(x) and ntrapped(x) are position dependent, 
n0 and ntrapped0 are independent of position.   
 The equations for n(x) and ntrapped(x) are given by, 
 ( ) ( )( ) exp F CC
E x E xn x N
kT
−⎛= ⎜⎝ ⎠
⎞⎟  (30) 
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( )
( )
( ) ( )1 1/ exp
t
trapped
t F
Nn x
E x E xg
kT
= −⎡ ⎤+ ⎢ ⎥⎣ ⎦
. (31) 
Equations (30) and (31) are simply the position dependent versions of (16) and (17).  
Note that the energy level difference ( ) ( )t CE x E x− is independent of position although 
Et(x) and EC(x) are both position dependent.  In other word, the relative position of the 
trap level does not change. 
 The final consideration required for the simplified theory is the boundary 
condition: 
 0   at   0xε = =  (32) 
Obviously, this boundary condition is necessary for the assumption (b) to be valid 
because if ε  is not 0 at x =0, the infinite electron density at the injecting contact would 
yield an infinite drift current.  To keep the SCL current finite, the boundary condition of 
equation (32) is necessary. 
 
2.3.2 General Properties for the Free Electron Concentration and Electric Field 
 The simplified theory is characterized by the equations and boundary condition 
given by (28), (29), (30), (31), and (32), and these relationships predict the properties of 
the free electron concentration and electric field that are general for insulators with any 
trap density and trap energy level [5].  These properties are: 
• n(x) is monotonically decreasing and approaches n0 as x increases. 
• ε (x) is monotonically increasing, and dε /dx is monotonically decreasing as x 
increases.  Therefore, ε (x) is convex. 
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 In Figure 2.3.2.1, various possible curves of n(x) are illustrated.  In the next few 
paragraphs, we will prove that only the n(x) curve labeled C is possible, and all of the 
other curves, labeled C1, C2, and C3, are impossible.  In other words, it will be shown 
that C1, C2, and C3 yield contradictions with the equations (28), (29), (30), (31), and the 
boundary condition (32). 
 
Figure 2.3.2.1:  n(x) versus x.  Curve C is the only possible characteristic 
for n(x).  C1, C2, and C3 are inconsistent with the equations and boundary 
condition (28), (29), (30), (31), and (32). 
 
 
 First, let’s consider the case of C1.  In this case n(x) eventually becomes smaller 
than n0.  By combining (30) and (31), it can be shown that when n is smaller than n0, 
ntrapped is also smaller than ntrapped,0. 
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( )
( )
( )
( )
( ) ( )1 1/ exp
( ) ( ) ( ) ( )1 1/ exp exp
( ) ( )1 1/ exp
( )
t
trapped
t F
t
t C F C
t
t C C
Nn x
E x E xg
kT
N
E x E x E x E xg
kT kT
N
E x E x Ng
kT n x
= −⎡ ⎤+ ⎢ ⎥⎣ ⎦
= − −⎡ ⎤ ⎡+ − ⎤⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣
= −⎡ ⎤+ ⎢ ⎥⎣ ⎦
⎦
 (33) 
As seen in equation (33), when n(x) decreases, ntrapped(x) also decreases, and when n(x) 
increases, ntrapped(x) also increases.  Therefore, when n(x) is less than n0, ntrapped(x) is also 
less than ntrapped,0.   When n(x) < n0 and ntrapped(x) < ntrapped,0, equation (29) shows that 
dε /dx is negative.  However, (28) shows that n(x) and ε  can not be decreasing 
simultaneously since J is constant with x.  Hence, n(x) can not be less than n0, and curve 
C1 is not possible.  This also shows that dε /dx is always greater than 0. 
 So far, we have shown that n(x) lies anywhere above n0, and ntrapped(x) lies 
anywhere above ntrapped,0.  We have also shown that dε /dx is always positive, and 
therefore, ( )xε  is monotonically increasing.  From (28), we see that n(x) can not be 
constant since ( )xε  is monotonically increasing.  Since J is constant, n(x) must be 
monotonically decreasing, and which eliminates C2 as a possibility. 
 Now we consider C3, a case where n(x) approaches n1>n0.  If n(x) is 
monotonically decreasing and approaches n1 > n0, then from (29), dε /dx must have a 
minimum, finite value that is greater than 0 .  If ε (x) continues increasing without 
bound, and n(x) is approaching a finite value, then J will increase without bound, in 
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 contradiction with (28).  Therefore, curve C3 is now eliminated as a possibility.  This also 
shows that dε /dx is monotonically decreasing and approaching 0 as x increases. 
 C1, C2, and C3 have now been proven to be impossible, and therefore, the two 
properties listed above are proven to be general for any trap density and any trap level. 
 
 
2.3.3 Analytical Solutions for Trap-Free Insulator 
 In this section, the exact analytical solution for the current-voltage characteristics 
of a trap-free insulator within the framework of the simplified theory is derived.  For 
convenience, the equations and the boundary condition that characterize the simplified 
theory are rewritten here: 
 ( ) ( ) constantJ q n x xμ ε= =  (34) 
 0( ( ) ) ( ( ) )trapped trapped
d n x n n x n
q dx
ε
0
ε⎛ ⎞⎛ ⎞ = − + −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠  (35) 
 ( ) ( )( ) exp F CC
E x E xn x N
kT
−⎛= ⎜⎝ ⎠
⎞⎟  (36) 
 
( )
( )
( ) ( )1 1/ exp
t
trapped
t F
Nn x
E x E xg
kT
= −⎡ ⎤+ ⎢ ⎥⎣ ⎦
 (37) 
 0   at   0xε = =  (38) 
 
These equations and boundary condition are identical to (28), (29), (30), (31), and (32). 
 For the SCL current-voltage equation with no traps in the insulator, n0 is 
negligible, and ntrapped(x) and ntrapped0(x) are 0.  Therefore, the Poisson equation (35) 
becomes, 
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  ( )d n x
q dx
ε ε⎛ ⎞⎛ ⎞ =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ . (39) 
Combining (34) and (39), we obtain  
 ( ) dx
dx
J
εμ
εε ⎛ ⎞ =⎜ ⎟⎝ ⎠  (40) 
Solving the differential equation (40) for electric field for the boundary condition given 
in (38), we obtain 
 
1/ 2
1/ 22( ) Jx xεμε ⎛ ⎞= ⎜ ⎟⎝ ⎠ . (41) 
To relate J to V, we integrate (41) with respect to x. 
 
1/ 2
3/ 2
0
8( ) ( )
9
x JV x x dx xεμε ⎛ ⎞= ⋅ = ⎜ ⎟⎝ ⎠∫  (42) 
For x = L, we can obtain the J-V equation from (42) which yields;. 
 
2
3
9
8
VJ
L
εμ ⎛ ⎞= ⎜⎝ ⎠⎟  (43) 
Equation (43) is the exact analytical solution for the current density, known as the trap-
free square law, the Mott-Gurney square law, and Child’s law for solids.  As discussed in 
Section 2.2.1, the only difference between (7) and (43) is the factor 9/8.  The simple 
phenomenological analysis yields the J-V equation without this numerical coefficient, 
introducing a small constant error. 
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 CHAPTER 3 
THE POOLE-FRENKEL EFFECT 
 
 
 
 The Poole-Frenkel (PF) effect is a well known conduction mechanism that is 
often used to explain the increase in conductivity of a material when a high electric field 
is applied [3].  This mechanism is often observed in insulators, semiconductors with low 
mobility, and organic materials.  The PF effect is the thermal emission of charge carriers 
from Coulombic traps in the bulk of a material enhanced by the application of an electric 
field.  When an electric field is applied, the potential barrier on one side of the Coulombic 
traps is reduced.  As the applied field increases, the barrier height decreases further, and 
due to this barrier lowering, the thermal emission rate of electrons from the Coulombic 
traps is increased.  The classical PF model is essentially the model developed by Frenkel 
in 1938 [2], [20].  It is the most commonly used PF model in the literature today, and 
predicts a linear relationship between ln Jε⎛ ⎞⎜ ⎟⎝ ⎠  and ε .  Plotting measured results as 
ln Jε⎛ ⎞⎜ ⎟⎝ ⎠  versus ε  is known as a PF plot.  However, the classical model leads to 
inaccurate predictions for the free carrier concentration at high fields due to the use of the 
Boltzmann approximation [15].  A more accurate model has been developed, and is 
referred to as the modern model of the PF effect.   The modern model is derived by using 
the Fermi-Dirac distribution function in place of the Boltzmann approximation to 
describe the population statistics of the trapped carrier concentration.  Not only does the 
modern model predict more accurate results, but the modern model successfully predicts 
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 saturation of the thermal emission, referred to as PF saturation.  In this chapter, the 
theories of both the classical and modern models of the PF effect are reviewed.  The 
physical concepts, equations characterizing the models, and their inherent limitations are 
explained briefly, but the detailed derivations of these models are omitted.  For a detailed 
discussion and derivation, refer to [3], [21], and [22]. 
 
3.1 Classical Poole-Frenkel Model 
 
 The Poole-Frenkel (PF) effect is the field-enhanced thermal emission of charge 
carriers from Coulombic traps in the bulk of a material [2], [20].  There are two types of 
Coulombic traps:  donor and acceptor traps.  A donor trap is neutral when it contains an 
electron and is positively charged when the electron is absent.  On the other hand, an 
acceptor trap is negatively charged when it contains an electron and neutral when an 
electron is absent.  For the field-enhanced thermal emission of electrons to occur, 
Coulombic traps must be neutral when filled with an electron, and positively charged 
when the electron is emitted [23], [24].  For traps that are charged when filled and neutral 
when empty, no attraction exists between electrons and trapping centers.  Therefore, 
Coulombic attractive centers are required.  The Coulombic potential seen by an electron 
in a trapping center is illustrated in Figure 3.1.1.  As seen, the Coulombic potential is 
symmetrical on either side of the trap when there is no electric field applied.  When the 
electric field is applied, the potential barrier on one side of the trap is reduced.  This 
reduction of the barrier height increases the probability of the electron escaping from the 
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 trap.  The process of PF emission is further illustrated in Figure 3.1.2.  In Figure 3.1.2, 
 is the amount of energy required for the trapped electron to escape from the 
influence of the positively charged trapping center when there is no electric field applied.  
qΦ
ε  is the applied electric field, and β ε  is the amount of barrier lowering due to the 
applied field.  As the applied field increases, the potential barrier on the right side of the 
trap decreases further, making it more likely for an electron to be thermally emitted and 
enter the conduction band.   
 
Figure 3.1.1:  Coulombic potential barrier seen by a trapped electron.  The 
thin lines are the potential barrier with no field applied, and the thick lines 
show the effect of an applied field. 
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Figure 3.1.2:  Process of PF emission. 
 
 The increase in electrical conductivity of material as a function of electrical field 
was first described by Poole while he was studying the breakdown of dielectrics [25].  J. 
Frenkel continued Poole’s research by making the assumption that the impurity density is 
low enough so that each trap is independent of the other traps [2], [20].  In other words, 
the potential barriers do not overlap with others.  By using this assumption, Frenkel 
derived an expression for β, shown in Figure 3.1.2, and developed an expression for the 
effective ionization potential,  [effqΦ 24].  The expressions for β and effqΦ  are given as, 
 
3qβ πε=  (44) 
 effq q β εΦ = Φ −  (45) 
The effective ionization potential, effqΦ , is the energy required for an electron to be 
emitted from the trap in the presence of an applied field.  The PF constant, β, is a material 
parameter, and as shown in (44), β is a decreasing function of the dielectric constant.  
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 Therefore, a material with a larger dielectric constant is less sensitive to field-induced 
barrier lowering. 
 For developing the classical model, a few more assumptions are made [3].  The 
first assumption is that there is only a single trapping level.  The second assumption is 
that (EC – EF) >> kT so that the Boltzmann approximation is valid for the electron energy 
distribution in the conduction band, n.  By using these assumptions, expressions for the 
conductivity, σ, and the current density due to the PF effect can be derived.  These 
expressions are given below [3]. 
 exp qC
kT
βσ ξ
ε⎛ ⎞Φ −= −⎜⎜⎝ ⎠⎟⎟  (46) 
 exp qJ C
kT
β
ξ
εε ⎛ ⎞Φ −= −⎜⎜⎝ ⎠⎟⎟  (47) 
C is a fitting constant, and it is generally determined empirically.  However, an 
expression for C can be derived in terms of material parameters.  Refer to [22] for a 
detailed discussion about C.  ξ is called the PF slope parameter, and it varies between 1 
and 2 depending on the acceptor trap concentration [15], [24], [26].  When acceptor traps 
are present in a material, acceptor compensation occurs by capturing some of the emitted 
electrons from the donor traps.  In Frenkel’s original model, Frenkel effectively set 2ξ =  
in (46) and (47), because Frenkel assumed that the Fermi level is at midgap, implying 
that there are no acceptor traps in the material.  However, the PF slope parameter can 
vary between 1 and 2 to account for acceptor compensation [23].  When 1ξ = , it implies 
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 that heavy acceptor compensation is present in the material, and the Fermi level is 
lowered to the ground state of the trapping level. 
 Equation (47) can be re-written as, 
 ln lnJ C
kT kT
β
ξ ξεε q⎡ ⎤Φ⎛ ⎞ = + −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦  (48) 
As seen in (48), a plot of ln Jε⎛ ⎞⎜ ⎟⎝ ⎠  and ε  should be linear if the PF effect is the 
dominant transport mechanism.  This plot is known as a PF plot.  The slope of a PF plot 
is given by 
kT
β
ξ , and this is why ξ is called the PF slope parameter [24]. 
 The PF expressions given in (47) and (48) are the modified versions of Frenkel’s 
original model, and in this thesis, the PF model characterized by these equations is 
referred to as the classical model of the PF effect.  In addition to the classical theory that 
has been discussed in this section, there is one more concept that can be deduced from the 
classical PF model.  This concept is the saturation of PF emission.  Saturation of the PF 
effect was first recognized theoretically by Ongaro and Pillonnet [15].  When the applied 
electric field is high enough, the potential barrier is lowered to the ground state of the 
trapping center; and therefore, all the electrons in the traps have been emitted to the 
conduction band because the effective potential barrier, effqΦ , is 0.  Since there are no 
more electrons left in the trapping centers, the thermal emission of electrons is saturated.  
In fact, once the point of saturation has been reached, the traps are no longer effective 
since the effective barrier height is zero.  From Figure 3.1.2, it can be seen that the PF 
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 saturation occurs when q β εΦ = .  By solving it for ε , the equation for the saturation 
electric field is, 
 
2
S
q
βε ⎛ ⎞Φ= ⎜ ⎟⎝ ⎠  (49) 
As seen in (49), the saturation electric field is a function of material parameters and trap 
depth.  Note that the PF constant, β, is a collection of material parameters as shown in 
(44). 
 Although the classical PF model has been extensively used in the literature, this 
model is relatively limited since it does not include some physical details [27].  The most 
prominent simplification incorporated into the classical model is the use of the 
Boltzmann approximation.  The use of the Boltzmann approximation results in the failure 
of predicting the saturation of electron emission from traps; and therefore, the field range 
for the classical PF model to be valid is limited to ε < Sε .  The second limitation is that 
the trap density of a material cannot be specified directly into the classical model.  
Although the donor trap density is effectively included in the fitting constant, C, and the 
acceptor trap density is accounted for by ξ, these constants need to be determined 
empirically.  Many of these limitations can be solved by using the Fermi-Dirac 
distribution function for the population statistics of the trapping level [27].  The result is 
known as the modern model of the PF effect, which is reviewed in the next section. 
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 3.2 Modern Poole-Frenkel Model 
 
 The modern model of the Poole-Frenkel (PF) effect was introduced by Ongaro 
and Pillonnet [15].  In this model, the Fermi-Dirac distribution function is used instead of 
the Boltzmann approximation to describe the population statistics of electron occupancy 
in the traps.  The primary result of the modern model is the prediction of PF saturation.  
In addition, this model has other improvements.  In this model, donor and acceptor trap 
densities can be specified. 
 In the modern model, five assumptions are made, which are listed below, and a 
band diagram illustrating the various energy levels, carrier concentrations, and trap 
densities mentioned in these assumptions is illustrated in Figure 3.2.1. 
 
(1)  The acceptor levels are well below the Fermi-level, and therefore, all the acceptor 
traps are filled with an electron for all reasonable values of applied field and temperature. 
(2)  A single donor level exists at a depth, qΦ , the ionization potential, below the bottom 
edge of the conduction band.  
(3)  The donor density is greater than the acceptor density. 
(4)  The Boltzmann approximation can be used to describe the free electron density in the 
conduction band. 
(5)  The Fermi-Dirac distribution function is used for describing the population statistics 
of the electron occupancy in donor traps. 
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Figure 3.2.1:  Band diagram illustrating the various energy levels, carrier 
concentrations, and trap densities that characterize the modern PF model. 
 
 
 ntd shown in Figure 3.2.1 is the density of electrons emitted from the trapping 
centers; Ntd is the donor trap density, and Nta is the acceptor trap density.  To derive an 
expression for ntd, we first consider the probability of occupancy of the traps.  This can be 
expressed as, 
 1( )
1 exp
td
td F
f E
E E
kT
= −⎛ ⎞+ ⎜ ⎟⎝ ⎠
. (50) 
The probability of traps being empty can be written as, 
 ( ) 1 (empty td tdP E f E )= − . (51) 
The density of electrons emitted from the traps, ntd, can be obtained by simply 
multiplying the probability of traps being empty, Pempty, by the density of donor traps, Ntd.  
From (50) and (51), 
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1 exp
td
td
F td
Nn
E E
kT
= −⎛ ⎞+ ⎜ ⎟⎝ ⎠
. (52) 
 Next, we need to express ntd in terms of the ionization potential, .  As 
illustrated in Figure 3.2.1, an energy level at the bottom of the conduction band, E
qΦ
C, is 
zero for the trapped electrons, and energies below EC are negative.  Therefore, we can 
write  as, ( )F tdE E−
 ( ) { }( ) ( )F td F FE E q q q q− = − Φ − − Φ = Φ − Φ . (53) 
 Substituting (53) into (52) yields the expression for ntd in terms of , which can be 
written as, 
qΦ
 
1 exp
td
td
F
Nn
q q
kT
= Φ − Φ⎛ ⎞+ ⎜ ⎟⎝ ⎠
. (54) 
In the presence of an applied electric field, the effective ionization potential is reduced by 
β ε  as discussed in Section 3.1.  Therefore, equation (54) becomes, 
 
1 exp
d
td
F
Nn
q q
kT
β ε= ⎛ Φ − − Φ+ ⎜ ⎟⎝ ⎠
⎞ . (55) 
 Now, we have an equation expressing ntd, given in (55).  ntd is the density of 
electrons emitted from the trapping sites at Etd, and it is expressed as a function of electric 
field and temperature.  However, not all of the emitted electrons will go to the conduction 
band via PF mechanism because some of the emitted electrons will be compensated by 
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 the acceptor sites, Nta.  Since we assume that all of the acceptors are filled for all values 
of field and temperature, we can write 
 td tan n N= + . (56) 
Equation (56) shows that some of the emitted electrons are going to the conduction band, 
and some of them are captured by the acceptor sites.  If there were no acceptor 
compensation, all of the emitted electrons would go to the conduction band; i.e., tdn n= . 
 Now, we can express the density of electrons, n, for the modern PF model.  Since 
the Boltzmann approximation can be used to describe the free electron density in the 
conduction band, n can be written as, 
 exp FC
qn N
kT
Φ⎛= −⎜⎝ ⎠
⎞⎟ . (57) 
Since the Fermi-Dirac integral for the carrier concentration above the conduction band is 
very complicated, many researchers use the Boltzmann approximation.  Using the 
Boltzmann approximation for the free carrier concentration is legitimate because the 
energy level difference between the Fermi level and the bottom of the conduction band is 
usually large enough for the Boltzmann approximation to be valid.  In [21] and [22], the 
approximate Fermi Dirac distribution function was used to derive a more advanced model 
of the PF effect; however, the results are not much different from the modern PF model 
which is the model derived in this section.  Combining (56) and (57) with (55), a 
quadratic expression in terms of the ratio  can be obtained. / Cn N
 
2
1exp exp 0
C C
n n s q c qs
N N c kT c kT
β βε ε⎡ ⎤⎛ ⎞ ⎛ ⎞⎛ ⎞ Φ − − Φ −+ + − − −⎢ ⎥⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ =⎟⎟  (58) 
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 By finding a solution for  in / Cn N (58), the expression for the free electron concentration 
due to the PF effect can be shown to be [25]: 
 
 1 exp 1 exp
2r C
n q s qn
N kT c kT
β βε ε⎡ ⎤⎛ ⎞ ⎛Φ − Φ −= = − + ⎞⎢ ⎥⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦  
 ( ) 2
exp
1 4 1 1
1 exp
q
kTs c
c s q
c kT
β
β
ε
ε
⎡ ⎤⎛ ⎞Φ −⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠× + − −⎢ ⎥⎢ ⎥⎡ ⎤⎛ ⎞Φ −+⎢ ⎥⎢ ⎥⎜ ⎟⎢ ⎥⎢ ⎥⎝ ⎠⎣ ⎦⎣ ⎦
 (59) 
where s and c are given by: 
   1td
C
Ns s
N
= <  (60) 
   1td
ta
Nc c
N
= > . (61) 
r
C
nn
N
=  is the relative density of electrons in the conduction band due to the PF effect.  
Equations (60) and (61) are introduced in order to express (59) in a simpler form; 
however, these terms do have physical significance.  s is the relative donor concentration, 
and it is the ratio of the density of donor traps to the effective density of states in 
conduction band.  By expressing n and Ntd in terms of nr and s respectively, (59) is 
normalized to a material with any density of states in a conduction band, NC.  The reason 
why s must be less than unity is because it is physically unrealistic for a material to have 
a higher trap density than the effective density of states in the conduction band.  c is the 
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 ratio of the donor trap density to the acceptor trap density.  This ratio must be greater than 
unity for the PF effect to occur.  If there are more acceptor traps than donor traps, all the 
electrons emitted from donor traps will be captured by acceptor traps.  If all the emitted 
electrons are captured by acceptor traps, none of the electrons will enter the conduction 
band.  Notice that if c = 1, equation (59) yields nr = 0 because all the emitted electrons are 
captured by the acceptor sites.  
 A semi-log plot of the nr vs. ε with qΦ=1 eV, εr = 10, s = 10-2, and c = 108 is 
shown in Figure 3.2.1.  =1 eV is a typical ionization energy for many dielectric 
materials, and ε
qΦ
r = 10 is a typical dielectric constant for many high-k materials.  s = 10-2 
indicates a relatively high donor trap density, and c = 108 indicates very low acceptor 
density.  As seen in this graph, after the applied field exceeds the PF saturation field, 
= 2603 V/cmSε , nr becomes essentially constant as ε  increases.  Thus, this 
simulation successfully predicts the PF saturation.  At applied fields beyond saturation, 
the trap barrier height has been reduced to the ground state, and there are no more 
electrons left in the traps to be emitted.  Therefore, beyond saturation there is no increase 
in the free electron concentration due to the PF effect.  The corresponding classical PF 
model is also shown in Figure 3.2.1.  As discussed in Section 3.1, ξ = 2 corresponds to a 
material with no acceptor compensation, which is consistent with the relatively high 
value of c = 108.  The two models agree until the field approaches Sε .  However, beyond 
Sε  the classical model continues to increase indefinitely with field.  Therefore, it can be 
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 concluded that the classical model is limited.  On the other hand, the modern model does 
predict PF saturation, and therefore it is more accurate than the classical model. 
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Figure 3.2.2:  Semi-log plot of nr vs. ε  for the classical and modern 
models of the PF effect with qΦ=1 eV, εr = 10, s = 10-2, and c = 108. 
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 CHAPTER 4 
SPACE-CHARGE-LIMITED CURRENT THEORY INCORPORATING  
THE POOLE-FRENKEL EFFECT:  CLASSICAL MODEL 
 
 
 The current flow due to the Space-Charge-Limited (SCL) current mechanism is 
well known, and its power law relationship between current and voltage is observed in 
many materials [6], [7], [8], [9], [10], [11].  The basic concept of SCL current theory was 
discussed in Chapter 2.  As explained in Chapter 2, the presence of localized traps in the 
forbidden gap has a significant effect on the passage of injected current [5].  Not only the 
magnitude of the current, but the actual characteristics of the current-voltage relationship 
are affected by the presence of the traps.  The standard SCL current theory assumes that 
the trap barrier height is constant for any applied field.  However, as discussed in Chapter 
3, at high electric fields, the trap barrier height is lowered due to the Poole-Frenkel (PF) 
effect.  This reduction in the barrier height raises the current level higher than that 
predicted by the standard SCL current theory.  In a publication by Murgatroyd in 1970 
[13], an extension of the theory of SCL current controlled by a single shallow trapping 
level was considered by incorporating the reduction of trap depth due to the PF effect.  
By solving the equations numerically, Murgatroyd computed J(V) and concluded that it 
was a good approximation.  In a related publication by Barbe in 1971 [14], Murgatroyd’s 
work was extended by solving the equations analytically.  Barbe incorporated the PF 
effect into SCL current theory in the same way as Murgatroyd, but Barbe computed J(V) 
analytically by separating the analysis into low-field and high-field cases.  In this chapter, 
the SCL current theory incorporating the classical PF effect will be discussed.  
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 Murgatroyd and Barbe’s derivations are shown in detail, and a comparison of the two 
results is presented.  In Chapter 5, the incorporation of the modern PF model is derived 
and presented for the first time by following the same basic approach as shown in this 
chapter. 
 
4.1 Space-Charge-Limited Model Incorporating the Classical Model of the Poole-Frenkel 
Effect 
 
 
 In the absence of traps in the material, the current density follows the trap free 
square law given in (43).  For convenience (43) is rewritten below. 
 
2
3
9
8
VJ
L
με= . (62)  
As discussed in section 2.2.4, to derive the current density equation in the presence of 
shallow traps, it is convenient to introduce the term, θ, for the ratio of free-carrier 
concentration to trapped carrier concentration.  θ is given in (18) and rewritten here as, 
 expC C
trapped trapped t
N En
n N
ρθ ρ
−⎛= = = −⎜⎝ ⎠
tE
kT
⎞⎟ . (63) 
For simplicity, we assume the degeneracy factor, g, is 1.  The current density in general is 
given by 
 J μρε=  (64) 
and Poisson’s equation can be written as, 
 trapped trappedd
dx
ρ ρ ρ
ε ε
ε += ≈ . (65) 
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 The approximation in Poisson’s equation is valid if the effect of the shallow traps is 
substantial, so that θ<<1.  Note that the Poisson equations shown in (65) and (29) are 
different.  As discussed in Chapter 2, the thermal equilibrium free- and trapped- carrier 
concentrations are negligible in a field region where the Space-Charge-Limited (SCL) 
current dominates the conduction mechanism.  Furthermore, in the shallow trap field 
region, or a field region where the effect of the shallow traps is significant, the free 
carrier concentration is also negligible since θ<<1 leads to ρtrapped>>ρ.  By combining 
(63), (64), and (65), the expression for current density becomes, 
 dJ
dx
μεθ εε= . (66) 
Separating and integrating (66) yields:   
 
( )
0 (0)
2 2( ) (0)
2
xx J dx d
Jx x
ε
εμεθ
μεθ
ε ε
ε ε
⋅ = ⋅
−=
∫ ∫
 (67) 
Note that J does not vary with a position in a material.  Using the boundary condition 
given in (32), the electric field at the contact is assumed to be 0, so ε (0) = 0.  Solving 
(67) yields: 
 
1/ 2
2( ) Jxx μεθε ⎛ ⎞= ⎜ ⎟⎝ ⎠  (68) 
To relate j to V, we integrate (68) with respect to x. 
 
1/ 2
3/ 2
0
8( )
9
L JV x dx Lμεθε ⎛ ⎞= ⋅ = ⎜ ⎟⎝ ⎠∫  (69) 
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 Solving (69) for J, the shallow-trap-square law is obtained. 
 
2
3
9
8
VJ
L
μεθ=  (70) 
The only difference between the trap-free-square law (62) and the shallow-trap-square 
law (70) is the presence of the trap related parameter, θ. 
 The presence of a strong electric field causes the effective depth of a Coulombic 
attractive trap to be reduced due to the Poole-Frenkel (PF) effect.  The field induced 
barrier lowering due to the PF effect is given by [3]: 
 
3qβ πε
εε = . (71) 
As seen in the shallow trap model leading to (70), the trap level only appears in θ.  
Because the trap depth is reduced by β ε , the proportion of free carriers increases with 
field.  Therefore, to incorporate the PF effect into the SCL current model, the ratio of the 
free to trapped carrier concentration must be redefined.  FPF is defined as the ratio of the 
free to trapped carrier concentration when the PF effect is incorporated.  Therefore, FPF is 
obtained after modifying θ in (63), by reducing the trap barrier, (EC-Et), by β ε . 
 ( )( ) expC C tPF
trapped t
N E EF
N kT
βρβ ρ
εε ⎛ ⎞− −∴ = = −⎜⎜⎝ ⎠⎟⎟  (72) 
In terms of θ, equation (72) can be written as, 
 ( ) expPFF kT
ββ θ εε ⎛ ⎞= ⎜⎜⎝ ⎠⎟⎟ . (73) 
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 As seen in (73), when the PF effect is incorporated, the ratio of the free to trapped carrier 
concentration is simply the product of θ and exp
kT
β ε⎛ ⎞⎜⎜⎝ ⎠⎟⎟ .  Note that θ is constant for any 
applied field. 
 In order to obtain the current density equation incorporating the PF effect, 
equations (64), (65), and (72) can be solved together; or we can simply replace θ in (70) 
with FPF.  The shallow trap SCL current density equation incorporating the PF effect can 
therefore be written in general as, 
 exp dJ
kT dx
βμεθ ε εε ⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠ . (74) 
Separating and integrating equation (74) yields: 
 
( )
0 (0)
exp( )
xx J dx d
kT
ε
ε
β
μεθ
εε ε⋅ =∫ ∫ ⋅ . (75) 
The left hand side of (75) yields 
 
0
x J dx Jxμεθ μεθ⋅ =∫ . (76) 
To compute the integral of the right hand side of (75), we make the following 
substitutions:   u
kT
β ε=  and 1
2
du d
kT
β εε= ⋅ . 
 
2( ) ( ) 2
2
(0) 0
( )4
3
4
0
2 ( )exp( ) exp( )
2( )                                     exp( )
x u
u
ukT u kTd u
kT
kT u u du
ε ε
ε
ε
β
β β
β
duεε ε ⎛ ⎞∴ ⋅ = ⋅⎜ ⎟⎝ ⎠
= ⋅
∫ ∫
∫
 (77) 
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 The integral in (77) is computed by successive integration by parts as shown below. 
 
{ }
( ) ( )
3 3 2
0 0
( ) ( )
2 2
0 0
( ) ( )
0 0
exp( ) exp( ) 3 exp( )
exp( ) exp( ) 2 exp( )
exp( ) exp( ) exp( )
exp( ( )) ( ) 1 1
u u
u u
u u
u u du u u u u d
u u du u u u u d
u u du u u u du
u u
u
u
ε ε
ε ε
ε ε
ε ε
⋅ = − ⋅
⋅ = − ⋅
⋅ = − ⋅
= − +
∫ ∫
∫ ∫
∫ ∫
 
 ( ){( ) 3 3 2
0
exp( ) exp ( ) ( ) ( ) 6 ( ) 6 6
u
u u du u u u u }ε ε ε ε ε∴ ⋅ = − + − +∫  (78) 
 u
kT
β ε= is substituted back into(78), and the right hand side of (75) is obtained: 
 
( )
(0)
3 2
4
4
exp
2( )        exp 3 6 6 6
x
d
kT
kT
kT kT kT kT
ε
ε
β
β β β β
β
εε ε
ε ε ε ε
⎛ ⎞ ⋅⎜ ⎟⎜ ⎟⎝ ⎠
⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥= − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦
∫
− +
. (79) 
Substituting (76) and (79) into (75) yields: 
 
3 24
4
2( ) exp 3 6 6 6Jx kT
kT kT kT kT
β β β β
μεθ β
ε ε ε ε⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎪⎢ ⎥= − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭⎣ ⎦− + . (80) 
Equation (80) relates current density and electric field at a position x.  To compute the 
current density in terms of voltage, Murgatroyd used a numerical integration technique 
and concluded that it was a good approximation [13].  Later, Barbe also computed the 
current density by using (80) [14].  However, instead of solving numerically, Barbe 
solved this equation analytically by separating the J-V characteristics into low-field and 
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 high-field regions resulting in approximate results.  In Sections 4.2 and 4.3, Murgatroyd’s 
numerical method and Barbe’s analytical method are reviewed in detail, and a 
comparison and discussion of the results are presented.  A good understanding of 
incorporating the classical PF effect into the SCL model is crucial when we incorporate 
the modern PF effect in Chapter 5. 
 
4.2 Murgatroyd’s Numerical Method 
 
 To relate the Space-Charge-Limited (SCL) current density incorporating the 
Poole-Frenkel (PF) effect to voltage, we need to compute the integral,  and 
solve the differential equation given in 
0
( )
L
V xε= ⋅∫ dx
(80).  However, it is not possible to solve (80) 
explicitly for ε  as a function of x.  Therefore, Murgatroyd used a numerical method for 
obtaining J(V).  This technique will now be reviewed in detail. 
 First, equation (80) is reduced to a dimensionless form, or in other words, 
parameters such as μ, ε, β, k, T, and θ are eliminated from (80), so that the resulting 
numerical solution would be general.  To reduce equation (80) to a dimensionless form, 
Murgatroyd introduced the following variables: 
 
4
1 4
( )
2
kTJ J
L
μεθη η β= = , (81) 
 
2
2
( )z kT
βε = , (82) 
 x yL= , (83) 
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2
2
3 (
2
V kT
L
ξ
β=
) . (84) 
η is a normalized value for J, z is a normalized value for ε , y is a normalized value for x, 
and ξ is a normalized value for V.  When these dimensionless variables given in (81), 
(82), and (83) are substituted into (80), a dimensionless form of (80) is obtained which 
can be written as, 
 
2 /3
1/ 2 1/ 26 exp( ) 3 6 6
4
yz z z zη⎧⎛ ⎞= − − + − +⎨⎜ ⎟⎝ ⎠⎩ ⎭
⎫⎬
dx
. (85) 
Now,  also needs to be rewritten in terms of the variables given in 
0
( )
L
V xε= ⋅∫ (82), 
(83), and (84).  From (82), (83), and (84), 
 
2
2
2
2
( )
( ) 1
2 ( )
3
z kT
dx L dy
y x L
kT LV
β
ξ
β
ε =
= ⋅
= =
=
 (86) 
Substituting (86) into  yields, 
0
( )
L
V xε= ⋅∫ dx
 
12 2
2 2
0
2 ( ) ( )
3
kT L z kT L dyξ β β= ⋅∫ . (87) 
By simplifying (87), a dimensionless form of 
0
( )
L
V xε dx= ⋅∫  can be written as, 
 
1
0
3
2
z dyξ = ⋅∫ . (88) 
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  To obtain a relationship between the normalized current η and voltage ξ, the 
integral in (88) must be evaluated by using (85) for z.  However, (85) cannot be solved 
for z explicitly because (85) is a transcendental equation.  Therefore, Simpson’s Rule is 
used to integrate (88).  The formula for Simpson’s Rule can be written as,  
 ( )
0
0 1 2 2 1
1( ) 4 2 ... 2 4
3
nx
n n
x
nf x dx h f f f f f f− −
⎛ ⎞⋅ ≈ + + + + + +⎜ ⎟⎝ ⎠∫  (89) 
where n is the number of sub-divisions, 0nx xh
n
−= , and f0, f1, and fn are f(x) evaluated 
for uniformly spaced values of x between x0 and xn [28].  When Simpson’s Rule is used 
for (88), the parameters in Simpson’s Rule become, 
 0 0x =  (90) 
 1nx =  (91) 
 ( )f x z=  (92) 
 dx dy=  (93) 
For integrating (88), we chose n = 10.  Therefore, 0 1
10
nx xh
n
−= = ; and f0, f1, and fn are z 
evaluated for uniformly spaced values of y from y = 0 to y = 1; i.e., f0 = z(y=0) = 0, f1 = 
z(y=0.1), f2 = z(y=0.2), …and f10 = z(y=1).  By using Simpson’s Rule, equation (88) 
becomes, 
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  ( )
( )
1
0
0 1 2 2 1
3
2
3 1 4 2 ... 2 4
2 3
3 1 1 ( 0) 4 ( 0.1) 2 ( 0.2)... ( 1)
2 3 10
n n n
z dy
h f f f f f f
z y z y z y z y
ξ
− −
= ⋅
⎛ ⎞⎛ ⎞≈ + + + + + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞≈ = + = + = +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∫
=
. (94) 
The relationship between z and η for uniformly spaced values of y are evaluated from 
(85) and tabulated in Table 4.2.1, for 8 orders of magnitude in η.  By using the values 
shown in Table 4.2.1 and Simpson’s Rule, the integral in (88) is evaluated for each value 
of η.   
 
η z(y = 0) z(y = 0.1) z(y = 0.2) z(y = 0.3) z(y = 0.4) z(y = 0.5) 
0 0 0 0 0 0 0 
0.1 0 0.089 0.123 0.148 0.169 0.188 
1 0 0.258 0.352 0.421 0.478 0.527 
10 0 0.711 0.952 1.125 1.265 1.385 
100 0 1.323 2.378 2.768 3.077 3.338 
1000 0 4.268 5.406 6.182 6.786 7.286 
10000 0 9.033 11.097 12.464 13.511 14.368 
100000 0 17.294 20.644 22.812 24.448 25.773 
1000000 0 30.22 35.184 38.336 40.688 42.58 
 
η z(y = 0.6) z(y = 0.7) z(y = 0.8) z(y = 0.9) z(y = 1) 
0 0 0 0 0 0 
0.1 0.204 0.219 0.222 0.246 0.258 
1 0.57 0.61 0.646 0.679 0.71 
10 1.489 1.584 1.67 1.749 1.823 
100 3.563 3.764 3.947 4.113 4.267 
1000 7.717 8.097 8.438 8.748 9.033 
10000 15.098 15.737 16.307 16.822 17.294 
100000 26.894 27.868 28.733 29.511 30.219 
1000000 44.169 45.544 46.758 47.847 48.836 
 
Table 4.2.1:  Normalized Electric Field z and Current η Relationships for 
Uniformly Spaced y. 
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  For example, let’s compute the integral in (88) for η = 0.1 by using Simpson’s 
Rule.  Using the normalized fields for uniformly spaced values of y for η = 0.1 shown in 
Table 4.2.1, equation (94) for η = 0.1 becomes, 
 { }
{ }
1
0
0
3
2
3 1 ( 0) 4 ( 0.1) 2 ( 0.2)... ( 1)
2 3
3 1 1 0 0 4(0.089) 2(0.123)... 0.258
2 3 10
0.24668
n
z dy
y y z y z y z y z y
n
ξ = ⋅
−⎛ ⎞⎛ ⎞⎛ ⎞≈ = + = + =⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
−⎛ ⎞⎛ ⎞⎛ ⎞≈ + + +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠⎝ ⎠
≈
∫
+ =   
The normalized voltage ξ for η = 0.1 is ξ = 0.24668.  This process is repeated for other 
values of η, and the relationship between η and ξ is tabulated in Table 4.2.2. 
 
η ξ 
0 0 
0.1 0.24668 
1 0.7391 
10 1.93955 
100 4.57105 
1000 10.20255 
10000 20.1508 
100000 36.23445 
1000000 60.0271 
 
Table 4.2.2:  Normalized Voltage ξ and Current η Relationship. 
 
 
 From Table 4.2.2, we can now plot normalized current versus voltage; i.e., 
normalized J-V curves.  A log-log plot of the result is shown in Figure 4.2.1.  The 
reduced form of the pure SCL shallow-trap-square law, 2η ξ= , is also shown as a 
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 comparison.  As discussed in Chapter 2, the pure SCL model shows a linear current-
voltage curve on a log-log plot.  For small ξ, the shallow trap SCL model incorporating 
the PF effect approaches the shallow-trap-square law.  Because the PF effect is not 
significant at low fields, it is consistent that the SCL model incorporating the PF effect 
approaches the shallow-trap-square law at low fields.  However, as the field increases, the 
current enhancement due to the PF effect becomes significant, and the SCL model 
incorporating the PF effect starts deviating from the shallow-trap-square law. 
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Figure 4.2.1:  Normalized Current-Voltage Characteristics 
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  For further analysis of the SCL model incorporating the PF effect, the relationship 
between ξ  and 2/η ξ  is tabulated in Table 4.2.3, and its semi-log plot is illustrated in 
Figure 4.2.2.  The semi-log plot shown in Figure 4.2.2 is similar to the PF plot discussed 
in Chapter 3.  The only difference from a PF plot is the normalized current is divided by 
the normalized voltage squared in Table 4.2.3 and Figure 4.2.2.  As discussed in Chapter 
2, the shallow-trap-square law is proportional to the square of the voltage.  Therefore, 
when the standard SCL current is divided by the voltage squared, the current is constant 
for any voltage; i.e., 2 1ηξ =  for any value of ξ .  The SCL model incorporating the PF 
effect shows a proportional relationship between the ratio of 2/η ξ  and ξ . Because the 
pure SCL shallow-trap-square law should show 2 1ηξ =  for any voltage, the proportional 
relationship shown in Figure 4.2.2 is due to the PF effect.  Therefore, the result shown in 
Table 4.2.3 and Figure 4.2.2 is called the Current Enhancement Ratio.  As seen in Table 
4.2.3 and Figure 4.2.2, the ratio is greater than 1 due to the PF effect. 
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 ξ  2/η ξ  
0.497 1.643 
0.860 1.831 
1.393 2.658 
2.138 4.786 
3.194 9.607 
4.489 24.627 
6.020 76.165 
7.748 277.53 
 
Table 4.2.3:  Current enhanced ratio. 
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Figure 4.2.2:  Current enhancement ratio. 
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  As seen in Figure 4.2.2, there is a linear relationship between 2ln( / )η ξ  and ξ ; 
and therefore, it is very easy to approximate an equation that shows a relationship 
between 2ln( / )η ξ  and ξ .  From Table 4.2.3, the slope for the 2ln( / )η ξ - ξ  curve is 
obtained: 
 ln(277.53) 0.726
7.748
= . 
By using this slope, an equation that relates η and ξ can be obtained, and is given as, 
 
( )2 1
2 1
ln / 0.726
exp(0.726 )
/ 2
/ 2
η ξ ξ
η ξ ξ
=
=
. 
This result is very close to that of Murgatroyd, which is given in [13]: 
 . (95) 2 exp(0.727 )η ξ ξ= 1/ 2
Substituting (95) and (84) into (81), Murgatroyd’s numerical solution for J(V) can be 
obtained, and is given as, 
 
1/ 22 3
3
9 0.891exp
8
V q VJ
L kT L
μεθ πε
⎧ ⎫⎛ ⎞⎪ ⎪= ⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
. (96) 
The analysis and discussion of (96) will be presented in Section 4.4. 
 
4.3 Barbe’s Analytical Method 
 
 Using a numerical method, Murgatroyd obtained a current-voltage relationship for 
the shallow trap SCL model incorporating the classical PF model.  Barbe extended 
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 Murgatroyd’s work by solving equation (80) analytically for J(V).  Barbe accomplished 
this by separating the cases into low-field and high-field regions [14]. 
 First, the following variables are introduced in order to simplify (80), 
 y
kT
β ε=  (97) 
 
4
42 ( )
JC
kT
β
μεθ= . (98) 
By substituting (97) and (98) into (80), (80) becomes, 
 { }3 2exp( )( 3 6 6) 6Cx y y y y= − + − + . (99) 
By computing the derivative of (99), the following differential equation is obtained: 
  (100) 2 3 2exp( )(3 6 6) exp( )( 3 6 6)C dx y y y dy y y y y dy⋅ = − + ⋅ + − + − ⋅
Simplifying equation (100) yields, 
 31 exp( )dx y y dy
C
= ⋅ ⋅ . (101) 
To obtain an expression for the voltage across the material, from x = 0 to x = L, the 
integral, 
0
L
V dxε= ⋅∫ , need to be computed.  Solving (97), an expression for the field can 
be written as, 
 
2
 ykTβε ⎛ ⎞= ⎜ ⎟⎝ ⎠ . (102) 
By substituting (101) and (102) into 
0
L
V dxε= ⋅∫ , we obtain, 
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0
2( )
3
0
( )2
5
2
0
1 exp( )
( ) exp( )
L
y L
y L
V dx
ykT y y dy
C
kT y y dy
C
β
β
ε= ⋅
⎛ ⎞= ⎜ ⎟⎝ ⎠
= ⋅
∫
∫
∫
⋅
dy
. (103) 
Evaluation of the integral, 
( )
5
0
exp( )
y L
y y ⋅∫ , in equation (103) is accomplished by 
integration by parts successively.  The result is given below: 
 
( ) ( )
5 5 4
0 0
( ) ( )
4 4 3
0 0
( ) ( )
0 0
exp( ) ( ) exp( ( )) 5 exp( )
exp( ) ( ) exp( ( )) 4 exp( )
exp( ) ( ) exp( ( )) exp( )
( ) exp( ( )) exp( ( )) 1
y L y L
y L y L
y L y L
y y dy y L y L y y dy
y y dy y L y L y y dy
y y dy y L y L y dy
y L y L y L
⋅ = − ⋅
⋅ = − ⋅
⋅ = − ⋅
= − +
∫ ∫
∫ ∫
∫ ∫
i
i
i
i
 
  (104) { }( )
( )
5
0
5
4 3 2
5 4 3
2
exp( )
     ( ) exp( ( ))
                   5 exp( ( )) ( ) 4 ( ) 12 ( ) 24 ( ) 24 24
( ) 5 ( ) 20 ( )
     exp( ( )) 120
         60 ( ) 120 ( ) 120
y L
y y dy
y L y L
y L y L y L y L y L
y L y L y L
y L
y L y L
⋅
=
− − + − +
⎧ ⎫− +⎪ ⎪= +⎨ ⎬− + −⎪ ⎪⎩ ⎭
∫
−
Substituting equation (104) into (103) yields, 
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5 4 32
2 2
( ) 5 ( ) 20 ( )( ) exp( ( )) 120
         60 ( ) 120 ( ) 120
y L y L y LkTV y L
C y L y Lβ
⎡ ⎤⎧ ⎫− +⎪ ⎪= +⎢ ⎥⎨ ⎬− + −⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦
 (105) 
In equation (105), there are three variables:  voltage, current density, and electric field. 
Recall that the field and current density are inside y(L) and C, respectively.  Since we 
want to have an equation that relates the current and voltage only, one more equation is 
necessary in order to eliminate the field.  By evaluating (99) at x = L, equation (99) can 
be rewritten as, 
 { }
3 2
3 2
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
1 exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
CL y L y L y L y L
C y L y L y L y L
L
= − + −
= − +
+
− + . (106) 
Combining (105) and (106) yields, 
{ }2 5 4 3 22
2 5 4 3 2
2 3 2
2 5 4
2
( ) exp( ( ))( ( ) 5 ( ) 20 ( ) 60 ( ) 120 ( ) 120) 120
( ) exp( ( ))( ( ) 5 ( ) 20 ( ) 60 ( ) 120 ( ) 120) 120
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
( ) exp( ( ))( ( ) 5 ( )) exp(
kTV y L y L y L y L y L y L
C
L kT y L y L y L y L y L y L
y L y L y L y L
L kT y L y L y L y
β
β
β
= − + − + − +
− + − + − += − + − +
− +=
3 2
3 2
5 4
3 22
2 3
( ))(20 ( ) 60 ( ) 120 ( ) 120) 120
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
exp( ( ))( ( ) 5 ( ))
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6( )
20 exp( ( ))( ( )
                                               
L y L y L y L
y L y L y L y L
y L y L y L
y L y L y L y LL kT
y L y Lβ
− + − +
− + − +
−
− + − +=
+ ( )23 2
2 5 4
2 3 2
3 ( ) 6 ( ) 6) 6
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
( ) exp( ( ))( ( ) 5 ( )) 20
exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
y L y L
y L y L y L y L
L kT y L y L y L
y L y L y L y Lβ
⎧ ⎫⎪ ⎪⎪ ⎪⎨ ⎬− + − +⎪ ⎪⎪ ⎪− + − +⎩ ⎭
⎧ ⎫−= +⎨ ⎬− + − +⎩ ⎭
 
 
2 5 4
2 3 2
exp( ( ))( ( ) 5 ( )) 20
( ) exp( ( ))( ( ) 3 ( ) 6 ( ) 6) 6
V y L y L y L
kT L y L y L y L y L
β −∴ = +− + − +  (107) 
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 Equation (107) relates the voltage, V, and y(L), or the field at x = L.  To obtain an 
equation that relates the current density, J, to y(L), C given in (98) is substituted back into 
(106), which yields, 
 ( )(4 3 24 exp ( ) ( ) 3 ( ) 6 ( ) 6 62 ( )L J y L y L y L y LkTβμεθ⎛ ⎞ = − +⎜ ⎟⎝ ⎠ )− + . (108) 
Equation (108) is essentially equation (80) evaluated at x = L.  Now, equations (107) and 
(108) can be solved analytically for J(V) by eliminating y(L) for the limiting cases of 
low-field and high-field regions separately.  For the low-field region, we see from (97) 
that y(L) << 1, and the expression for J(V) is obtained by using a series expansion of the 
exponentials in equations (107) and (108).  The results are [14]: 
 
1/ 22
3
9   for 1
8
V VJ
L kT L
βμεθ ⎛ ⎞= ⎜ ⎟⎝ ⎠  . (109) 
For high-field region, y(L) >> 1, and the expression for J(V) is obtained by 
approximating the polynomials in (107) and (108) by the largest power terms.  From 
(107), 
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( ) exp( ( ))( ( ) 3 ( ) 6 ( ) 6
exp( ( )) ( )
exp( ( )) ( )
( )
( )
V y L y L y L
kT L y L y L y L y L
y L y L
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β
β
−= +− + −
≈
⎛ ⎞ ≈⎜ ⎟⎝ ⎠
 (110) 
and from (108), 
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kTJ y
L
β
εμθ
εμθ
β
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≈ L y L
 (111) 
Substituting (110) into (111) yields, 
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⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞= ⎨ ⎬⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
  (112) 
Equations (109) and (112) are the current density equations for the low-field and high-
field regions in Barbe’s model.  Notice that (109) is identical to the shallow-trap-square 
law as given in (70).   This result is reasonable because at low applied electric fields, the 
PF effect is not noticeable.  The analysis and discussion of (109) and (112) will be 
presented in next section. 
 
4.4 Plots and Comparison of the Two Different Solutions 
 
 In Murgatroyd’s paper he derived an equation for the shallow trap SCL model 
incorporating the classical PF model that relates the current density J and the electric field 
ε  at a position x from the injection contact [13].  For convenience, this equation is 
rewritten here. 
 
4 3 3/ 2 2
4 3 2
2( ) 3exp( ) 6 6 6
( ) ( )
Jx kT
kT kT kT kT
β β β β
μεθ β
ε ε ε ε⎡ ⎤⎧ ⎫⎪ ⎪= − +⎢ ⎥⎨ ⎬⎪ ⎪⎢ ⎥⎩ ⎭⎣ ⎦− +  (113) 
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 To compute an equation that relates the current density J to the voltage V across a 
sample, Murgatroyd used a numerical integration of (113), and the result was shown to 
be, 
 
1/ 22 3
3
9 0.891exp
8
V q VJ
L kT L
μεθ πε
⎧ ⎫⎛ ⎞⎪ ⎪= ⎨ ⎬⎜ ⎟⎝ ⎠⎪ ⎪⎩ ⎭
 (114) 
Barbe extended Murgatroyd’s work by solving (113) analytically [14].  To accomplish 
this, Barbe solved (113) for the limiting cases of low-field and high-field regions.  His 
results for the low-field region and high-field region respectively are rewritten below: 
 
1/ 22
3
9   for 1
8
V VJ
L kT L
βεμθ ⎛ ⎞= ⎜ ⎟⎝ ⎠   (115) 
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2 ( ) exp    for 1kT V V VJ
L kT L kT L
εμθ β β
β
⎧ ⎫⎪ ⎪⎛ ⎞ ⎛ ⎞= ⎨ ⎬⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
 . (116) 
 To obtain more insight into Murgatroyd’s and Barbe’s models, equations (114), 
(115), and (116) are plotted together on one graph for comparison.  For convenience, 
silicon material parameters, L = 1 μm, Nt = 1016 cm-3, and EC - Et = 0.562 eV are chosen 
as realistic values.  EC - Et = 0.562 eV is simply a half of the silicon band-gap energy.  In 
Figure 4.4.1, Murgatroyd’s and Barbe’s model are plotted over a practical voltage range, 
while in Figure 4.4.2, these models are plotted over a much larger scale for comparison.  
The J-V characteristics for the SCL shallow-trap-square law without including the PF 
effect are also plotted for comparison. 
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Figure 4.4.1:  Murgatroyd and Barbe’s SCL current-voltage characteristics 
with inclusion of the PF effect.  For comparison the SCL shallow-trap-
square law is also plotted.  The material parameters are εr = 11.7, μ = 1417 
cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et = 0.562 
eV. 
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Figure 4.4.2:  Murgatroyd and Barbe’s SCL current-voltage characteristics 
with inclusion of the PF effect for larger scale.  For comparison the SCL 
shallow-trap-square law is also plotted.  The material parameters are εr = 
11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, 
and EC-Et = 0.562 eV. 
 
 
 Murgatroyd’s equation (114) applies for an unlimited range of electric field (or 
voltage); however, Barbe’s results are limited to low- (115) and high- (116) field ranges.  
As shown in Figure 4.4.1 and Figure 4.4.2, for small voltages, Murgatroyd’s equation 
(114) and Barbe’s low-field equation (115) agree quite well, and the J-V characteristics 
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 for all three models are linear on a log-log scale.  At a voltage around 5 V, the PF effect 
becomes significant since the exponential parts of (114) and (116) become larger.  At 
high voltages, Murgatroyd’s equation (114) and Barbe’s high field equation (116) agree 
relatively well, and these two models start deviating from the pure SCL shallow-trap-
square law.   
 These results are consistent with the PF theory discussed in Chapter 3.  A current 
enhancement due to the PF effect occurs when a high electric field induces the potential 
barrier lowering, and due to this barrier lowering, the thermal emission rate of electrons 
from the Coulombic traps is increased.  Since the barrier lowering due to a small electric 
field is small, the thermal emission of charge carriers due to the barrier lowering is 
negligible; and therefore, Murgatroyd’s and Barbe’s low-field models approach the pure 
SCL shallow-trap-square law as the voltage decreases.  However, when the applied 
voltage increases, the barrier height is lowered further, and more electrons are thermally 
emitted from traps.  Therefore, as the applied voltage increases, Murgatroyd’s and 
Barbe’s high-field models predict a higher current level than the pure SCL shallow-trap-
square law.   
 It seems that Murgatroyd and Barbe’s models are consistent within their limits.  
However, as can be seen in Figure 4.4.1, Barbe’s low- (115) and high- (116) field curves 
never meet, because for any voltage, Barbe’s high-field J-V curve is always higher than 
his low-field J-V curve.  Barbe defined the low- field region as 
1/ 2
1V
kT L
β ⎛ ⎞⎜ ⎟⎝ ⎠   and the 
high-field region as 
1/ 2
1V
kT L
β ⎛ ⎞⎜ ⎟⎝ ⎠   [14].  However, he did not address the transition from 
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 one field region to another.  Therefore, it seems that Murgatroyd’s model is more 
favorable than Barbe’s model due to the obscurity in Barbe’s model at the medium field 
range. 
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 CHAPTER 5 
SPACE-CHARGE-LIMITED CURRENT THEORY INCORPORATING  
THE POOLE-FRENKEL EFFECT:  MODERN MODEL 
 
 
 The basic theories of Space-Charge-Limited (SCL) Current and the Poole-Frenkel 
(PF) effect were discussed in Chapters 2 and 3, and inclusion of the PF effect into the 
SCL current theory was discussed in Chapter 4 by presenting the detailed derivations and 
results of Murgatroyd [13] and Barbe [14].   However, the classical PF model was used in 
their work.  As discussed in Chapter 3, the classical PF model does not predict PF 
saturation due to the use of Boltzmann’s approximation.  In this chapter, a new model 
incorporating the modern PF model into the SCL current theory will be presented and 
discussed.  Because the Fermi-Dirac distribution function is used to define the population 
statistics of the trapped carriers, the modern PF model can predict PF saturation.  By 
incorporating the modern PF model, a more accurate model of the SCL current can be 
obtained.  Not only does this new model provide more accurate results, it provides us 
with new insights into the principal mechanisms of SCL emission. 
 
5.1 Space-Charge-Limited Current Model Incorporating the Modern Model of the Poole-
Frenkel Effect 
 
 
 The derivation of the Space-Charge-Limited (SCL) current model incorporating 
the modern model of the Poole-Frenkel (PF) effect is essentially accomplished by 
following the basic approaches of Murgatroyd [13] and Barbe [14], as presented in 
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 Chapter 4.  In the absence of traps in a material, the current density is described by the 
trap-free-square law, which is re-written here, for convenience: 
 
2
3
9
8
VJ
L
με= . (117) 
In order to consider traps in a material, the ratio of the free carrier concentration to the 
trapped carrier concentration is defined by the term, θ: 
 
trapped trapped
n
n
ρθ ρ= = . (118) 
The general current density equation due to drift is given by: 
 J μρε= . (119) 
Poisson’s equation in the presence of shallow traps can be written as, 
 trapped trappedd
dx
ρ ρ ρ
ε ε
ε += ≈ . (120) 
Combining equations (118), (119), and (120), the expression for the SCL shallow-trap-
square law can be obtained, and is given by: 
 dJ
dx
μεθ εε= . (121) 
Equation (121) is of the same form as (66) in Chapter 4.   
 In Chapters 2 and 4, θ was defined by using Boltzmann’s approximation for both 
the free and trapped carrier concentrations.  However, in the modern PF model, 
Boltzmann’s approximation is used only for the free carrier concentration but not for the 
trapped carrier concentration.  Therefore, in order to incorporate the modern PF model 
into the SCL current model, the Fermi-Dirac distribution function will be used for the 
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 trapped carrier concentration, and thus for defining θ.  The free and trapped carrier 
concentrations for the modern model are given by: 
 exp FQ CC
E E
n N
kT
−⎡ ⎤= ⎢ ⎥⎣ ⎦
 (122) 
 
1 exp
t
trapped
t FQ
Nn
E E
kT
= −⎡ ⎤+ ⎢ ⎥⎣ ⎦
. (123) 
The Boltzmann approximation is used for the free carrier concentration (122), and the 
Fermi-Dirac distribution function is used for the trapped carrier concentration (123).  
Using the Boltzmann approximation is legitimate for the free carrier concentration as 
discussed in Chapter 3 when the modern PF model was derived.  Recall that EFQ is the 
quasi Fermi level, which means the Fermi level in non-thermal equilibrium.  From (118), 
(122), and (123), the modern version of θ can be written as, 
 
exp exp
                       exp
FQ CC t
modern
trapped t
FQ CC
Classical
t
E EN En
n N kT kT
E EN
N kT
θ
θ
CE⎡ ⎤−⎡ ⎤ −⎡ ⎤= = +⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦⎣ ⎦
−⎛ ⎞= +⎜ ⎟⎝ ⎠
, (124) 
where expC Cclassical
t
N E
N kT
θ −⎛= −⎜⎝ ⎠
tE ⎞⎟  as given in (63).  From now on, the subscripts 
“classical” and “modern” are used to differentiate between the classical and modern 
models.  The only difference between θclassical and θmodern is the method of defining the 
trapped carrier concentration:  the Boltzmann approximation or the Fermi-Dirac 
distribution function.  Note that θ defined by equation (118) only indicates the ratio of the 
free to trapped carrier concentration regardless of how the trapped carrier concentration is 
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 defined.  In Chapters 2 and 4, θ and θclassical were identical because only the classical PF 
model was considered in these chapters.    
 Just as Murgatroyd incorporated the classical PF model, the field induced barrier 
lowering needs to be considered for the modern model [13].  Therefore, θmodern is 
replaced with FPFmodern, which is the ratio of the free to trapped carrier concentration 
when the modern model of the PF effect is included.  Because the trap depth is reduced 
by β ε , the energy difference between the conduction band and the trap level, C tE E− , 
is reduced by β ε , or in other words, Et is rising by β ε : i.e., 
( ) (C t C tE E E Eβ )βε ε− − = − + .  Therefore, the free and trapped carrier 
concentrations are now defined as, 
 exp FQ CC
E E
n N
kT
−⎡ ⎤= ⎢ ⎥⎣ ⎦
 (125) 
 
( )
1 exp
t
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t F
Nn
E E
kT
β ε= Q⎡ ⎤+ −+ ⎢ ⎥⎢ ⎥⎣ ⎦
. (126) 
Using (125) and (126), FPFmodern is defined as, 
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. (127) 
The difference between FPF in the classical model given in (73) and FPFmodern given in 
(127) is the presence of the first term, exp FQ CC
t
E EN
N kT
−⎛ ⎞⎜⎝ ⎠⎟
.  By replacing θ in (121) with 
FPFmodern given in (127), the shallow trap SCL current density incorporating the modern 
PF model can be written as, 
 
exp exp
Modern PFmodern
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dJ F
dx
E EN d
N kT kT
με
βμε θ
dx
εε
ε εε
=
⎡ ⎤⎛ ⎞−⎛ ⎞= +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
. (128) 
The term JModern is used for the shallow trap SCL current density incorporating the 
modern PF model.  To explicitly solve the differential equation in (128), first the energy 
levels EFQ and EC need to be expressed in terms of current density and field in (128).  
Combining the general drift current equation, J q nμ ε= , and the expression for the free 
carrier concentration given by (125), the current densit in the modern model can also be 
written as, 
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  exp FQ CModern C
E E
J q N
kT
μ ε⎛ ⎞−⎡ ⎤= ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦⎝ ⎠ . (129) 
Rearranging (129), 
 exp FQ C Modern
C
E E J
kT q Nμ ε
−⎛ ⎞ =⎜ ⎟⎝ ⎠
. (130) 
Substituting equations (130) into (128) and rearranging terms yields, 
 1 expModern Modern classical
t
J Jdx d
N q kT
βθμε μ
ε ε εε
⎡ ⎤⎛ ⎞= +⎢ ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⋅⎥ . (131) 
Equation (131) is the modern version of (74) given in Chapter 4 before rearranging terms.  
The only difference between the equations (74) and (131) is the term, 1Modern
t
J
N qμ ε , in (131).  
By solving the differential equation in (131) as in Chapter 4, the relationship between 
JModern and ε  becomes, 
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+
. (132) 
Notice that the only difference between the J-ε  relationships for the classical (80) and 
the modern (132) models is the presence of the first term on the right hand side of 
equation (132), which is Modern
t
J
N qμ ε . 
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 5.2 Murgatroyd’s Numerical Method 
 
 
 To obtain current-voltage characteristics for the shallow trap Space-Charge-
Limited (SCL) model incorporating the modern Poole-Frenkel (PF) model, the integral 
0
L
V dxε= ⋅∫  needs to be computed in order to relate ε  to V.  However, it is impossible to 
solve for ε  explicitly because equation (132) is transcendental.  Murgatroyd used a 
numerical method to obtain the current-voltage characteristics of the shallow trap SCL 
model incorporating the classical PF model [13].  However, applying his numerical 
method to the modern model is not straight forward.  In the first half of this section, the 
attempt to obtain the general J-V equation for the modern model will be presented.  It 
will be shown why it is so difficult in the modern model to obtain a general expression 
for JModern(V) for any material.  Then, in the second half of this section, we will present 
our method for obtaining JModern(V) numerically for a specific material. Although it is 
difficult, if not impossible, to obtain JModern(V) that is general for any material, it is 
possible to obtain the JModern-V characteristics by specifying material parameters prior to 
the use of the numerical method. 
 The procedure for using Murgatroyd’s numerical method is as follows.  The first 
step is to rewrite equation (132) in a dimensionless form by introducing new variables so 
that the quantities such as JModern, ε , x, and V are normalized for any material [13].  In 
other words, (132) needs to be rewritten with newly introduced variables only, so that the 
normalized equation is independent of any material constants such as μ, ε, θclassical, β, Nt, 
83 
 k, T, and L.  After (132) is normalized, the next step is to relate ε  to V through a 
dimensionless version of 
0
L
V dxε= ⋅∫ .  Since a dimensionless form of (132) is a 
transcendental equation, the current-field relationship for uniformly spaced positions in 
the material needs to be tabulated, and Simpson’s Rule needs to be used to obtain a table 
of normalized current-voltage values.  After the normalized current-voltage values are 
tabulated, the I-V characteristic is plotted, and a fitting equation is found for the I-V 
curve.  This fitting equation would be a solution for normalized form of (132).  After the 
solution for the normalized form of equation (132) is obtained, the final step is to 
substitute the original variables, Jmodern, V, and L, back into the new variables so that the 
dimensionless solution will be converted back into a real solution for (132).  If the 
numerical method is used without normalizing equation (132), the resulting solution 
could only work for a specific material. 
 In an attempt to rewrite (132) in a dimensionless form, (132) is rearranged as, 
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− +
. (133) 
In equation (133), JModern and x appear only once, and ε  is always in the form, kTβ ε .  
Therefore, the following defined variables will eliminate all the material parameters 
explicitly from (132): 
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η is normalized JModern, y is normalized x, and z is normalized ε .  The normalized 
variables introduced in (134) are substituted into (133).  The resulting equation is a 
dimensionless form of (132), and can be written as: 
 [ ] ( ){ }3/ 2exp 3 6 6 6y z z z z zη ⎡ ⎤− = − + − +⎣ ⎦ . (135) 
Also, 
0
x
V dxε= ⋅∫  must be rewritten into a dimensionless form.  From (134), 
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Substituting (136) into the integral, 
0
x
V dxε= ⋅∫ , yields, 
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. (137) 
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 Let 
4
tN q V
kT
βξ ε
⎛ ⎞= ⎜ ⎟⎝ ⎠  be a normalized voltage.  The integral of (137) becomes, 
 
2
0
tN q L
kT
z dy
β
ε
ξ
⎛ ⎞⎜ ⎟⎝ ⎠
= ⋅∫ . (138) 
As seen in (138), there are still material constants, 
2
tN q L
kT
β
ε
⎛ ⎞⎜ ⎟⎝ ⎠ , in the upper limit of the 
integral.  Without eliminating these material constants, a general expression for J(V) can 
not be obtained.  Due to the difficulty of finding normalized variables that can be used to 
transform equation (132) and the integral 
0
x
V dxε= ⋅∫  into dimensionless forms, we could 
not obtain general current-voltage characteristics for the shallow trap SCL model 
incorporating the modern PF model. 
 Although we could not obtain a general shallow trap SCL equation for JModern(V) 
incorporating the modern PF model, it is possible to obtain JModern-V characteristics for a 
specific material.  The basic approach is essentially the same as Murgatroyd’s method for 
the classical model [13], which we attempted above.  The only difference is that a 
numerical method is applied directly to (132) and 
0
L
V dxε= ⋅∫  without normalizing the 
two equations, or in other words, values for material parameters are entered into the 
equations prior to the application of the numerical method.  To illustrate this method, we 
chose silicon material parameters, L = 1 μm, Nt = 1016 cm-3, and EC - Et = 0.562 eV (half 
of the silicon bandgap energy) since silicon is the most common semiconductor and the 
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 rest of the parameters are reasonable.  These parameters are the same as those used in 
Section 4.4.   
 As in Section 4.2, Simpson’s Rule is used to compute the integral, 
0
L
V dxε= ⋅∫ .  
The formula for Simpson’s Rule can be written as,  
( )
0
0 1 2 2 1
1( ) 4 2 ... 2 4
3
nx
n n
x
nf x dx h f f f f f f− −
⎛ ⎞⋅ ≈ + + + + + +⎜ ⎟⎝ ⎠∫  
where, n is the number of sub-divisions, 0nx xh
n
−= , and f0, f1, and fn are f(x) evaluated 
for uniformly spaced values of x between x0 and xn [28].  When Simpson’s Rule is used 
for the integral, 
0
L
V dxε= ⋅∫ , the parameters in Simpson’s Rule become, 
 0 0x =  (139) 
 nx L=  (140) 
 ( ) ( )f x xε=  (141) 
 dx dx=  (142) 
As in Section 4.2, we chose n = 10.  Therefore, 0
10
nx x Lh
n
−= = , and f0, f1, and fn are ε  
evaluated at uniformly spaced values of x for x = 0 to x = L; i.e., f0 = ( 0x )ε = = 0, f1 = 
( 1x L 0)ε = , f2 = ( 2 10)x Lε = × ,…and f10 = ( )x Lε = .  By using Simpson’s Rule, we 
obtain, 
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  ( )
( )
0
0 1 2 2 1
1 4 2 ... 2 4
3
1 ( 0) 4 ( 10) 2 ( 2 10)... ( )
3 10
L
n n n
V dx
h f f f f f f
L x x L x L x L
ε
ε ε ε ε
− −
= ⋅
⎛ ⎞≈ + + + + + +⎜ ⎟⎝ ⎠
⎛ ⎞⎛ ⎞≈ = + = + = × +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∫
=
. (143) 
The relationships between ε  and JModern for uniformly spaced values of x are evaluated 
from (132) and tabulated in Table 5.2.1.  By using the values for ( )xε shown in Table 
5.2.1, equation (143) is computed for each value of JModern. 
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 ε   ε   ε   JModern
( ) 0x = ( ) 510x −= ( 52 10x −= × )
ε   
( 53 10x −= × )
ε  
( ) 54 10x −= ×
ε   
( 55 10x −= × )
0 0 0 0 0 0 0 
10-7 0 36.751 50.390 61.558 70.96 79.21 
10-6 0 111.04 156.15 190.48 219.245 244.47 
10-5 0 339.19 475.7 578.95 665.12 740.42 
10-4 0 1.002E3 1.403E3 1.703E3 1.953E3 2.169E3 
10-3 0 2.762E3 3.893E3 4.627E3 5.41E3 5.999E3 
10-2 0 6.665E3 9.637E3 1.193E4 1.372E4 1.524E4 
10-1 0 1.193E4 1.938E4 2.483E4 2.917E4 3.28E4 
1 0 1.485E4 2.797E4 3.918E4 4.874E4 5.695E4 
10 0 1.538E4 3.052E4 4.527E4 5.948E4 7.303E4 
102 0 1.544E4 3.085E4 4.622E4 6.153E4 7.674E4 
103 0 1.544E4 3.089E4 4.633E4 6.176E4 7.718E4 
104 0 1.544E4 3.089E4 4.633E4 6.178E4 7.722E4 
105 0 1.544E4 3.089E4 4.633E4 6.178E4 7.722E4 
106 0 1.544E4 3.089E4 4.633E4 6.178E4 7.722E4 
 ε   ε   JModern
( ) 56 10x −= × ( 57 10x −= × )
ε   
( 58 10x −= × )
ε   
( 59 10x −= × ) 
ε  
( 410x L −= = )
0 0 0 0 0 0 
10-7 86.65 93.48 99.82 105.77 111.4 
10-6 267.19 288.01 307.33 325.42 342.49 
10-5 808.04 869.86 927.11 980.36 1.031E3 
10-4 2.362E3 2.539E3 2.701E3 2.852E3 2.995E3 
10-3 6.522E3 6.995E3 7.429E3 7.832E3 8.208E3 
10-2 1.657E4 1.776E4 1.885E4 1.986E4 2.079E4 
10-1 3.595E4 3.975E4 4.126E4 4.355E4 4.566E4 
1 6.412E4 7.044E4 7.610E4 8.122E4 8.589E4 
10 8.583E4 9.784E4 1.090E5 1.195E5 1.292E5 
102 9.183E4 1.068E5 1.215E5 1.36E5 1.502E5 
103 9.258E4 1.080E5 1.235E5 1.387E5 1.540E5 
104 9.266E4 1.081E5 1.235E5 1.390E5 1.544E5 
105 9.267E4 1.081E5 1.235E5 1.390E5 1.544E5 
106 9.267E4 1.081E5 1.235E5 1.390E5 1.544E5 
 
Table 5.2.1:  JModern – ε  relationship for uniformly spaced values of x.  
The material parameters are εr = 11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 
cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et = 0.562 eV.  JModern is in A/cm2, ε  is in V/cm, and x is in cm. 
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  For example, let’s compute the integral, 
0
L
V dxε= ⋅∫ , for JModern = 10-7 A/cm2 by 
using Table 5.2.1 and Simpson’s Rule.  By substituting ( )xε  for uniformly spaced 
values of x shown in Table 5.2.1 into (143), equation (143) for JModern = 10-7 A/cm2 
becomes, 
 { }
{ }
410
0
5 5
4
3
1 ( 0) 4 ( 10 ) 2 ( 2 10 )... ( 10 )
3 10
1 10 0 4(36.751) 2(50.390)... (111.4)
3 10
7.4471 10
L
V dx
L x x x x
ε
ε ε ε ε
−=
− −
−
−
= ⋅
⎛ ⎞⎛ ⎞≈ = + = + = × + =⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞≈ + + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
≈ ×
∫
4−
 . 
The voltage, V, for JModern = 10-7 A/cm2 is V = 7.4471 x 10-3 V.  This process was 
repeated for other values of JModern, and the relationships between JModern and V were 
tabulated in Table 5.2.2. 
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 JModern (A/cm2) V (V) 
0 0 
10-7 7.4471 x 10-3
10-6 2.2933 x 10-2
10-5 6.9394 x 10-2
10-4 2.0298 x 10-1
10-3 5.5869 x 10-1
10-2 1.4139 
10-1 3.0287 
1 5.2343 
10 7.0098 
102 7.6214 
103 7.7135 
104 7.7214 
105 7.7215 
106 7.7215 
 
Table 5.2.2:  Current-voltage characteristics for the modern model.  The 
material parameters are εr = 11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, 
L = 1 μm, Nt = 1016 cm-3, and EC-Et = 0.562 eV. 
 
 
 A log-log plot of the J-V data in Table 5.2.2 is shown in Figure 5.2.1.  
Murgatroyd’s classical model and the pure SCL shallow-trap-square law are also plotted 
for comparison.  As seen in Figure 5.2.1, at small voltages the modern model and 
Murgatroyd’s classical model are nearly identical, and both of them approach the pure 
SCL shallow-trap-square law as voltage approaches zero.  At medium voltages, the 
modern model and Murgatroyd’s classical model still agree, but their current level is 
slightly higher than the pure SCL shallow-trap-square law due to the PF effect.  At higher 
voltages, Murgatroyd’s classical model continues to increase with voltage monotonically.  
However, the modern model predicts a rapid increase in current at a voltage of around 5 
V, and the current approaches infinity as the voltage approaches a particular finite value.  
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 Further analysis and discussion of the modern model and its predictions will be presented 
later in this chapter.  We will discuss the significance of the voltage at which the current 
approaches infinity, supported by the basic SCL theory and the mathematical 
observations, later in this chapter. 
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Figure 5.2.1:  Current-voltage characteristics for silicon in the modern 
model, Murgatroyd’s classical model, and the pure SCL shallow-trap-
square law.  The material parameters are εr = 11.7, μ = 1417 cm2/V s, NC = 
2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et =0.562 eV. 
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  The current enhancement ratio, , is computed by using the data in 
Table 5.2.2, and the  versus 
2/ModernJ V
V 2/ModernJ V  relationship for the modern model are 
tabulated in Table 5.2.3 and plotted in Figure 5.2.2.   Murgatroyd’s classical model is also 
shown in Figure 5.2.2 for comparison.  As explained in Chapter 4, the semi-log plot of 
2/ModernJ V  and V  is similar to a PF plot.  The only difference is that the current is 
divided by the voltage squared instead of just the voltage.  Since the pure SCL shallow-
trap-square law is proportional to V2, J/V2 is constant for any value of V .  Therefore, 
any functionality of  observed in Figure 5.2.2 is because of a current 
enhancement due to the PF effect.  As shown in Figure 5.2.2, Murgatroyd’s classical 
model predicts a linear increase in with respect to 
2/ModernJ V
2/J V V  due to the PF effect.  
However, the modern model does not predict a simple linear increase.  In Murgatroyd’s 
classical model, finding a fitting equation was straight forward because of the linear 
relationship between ( )2ln /J V  and V .  However, in the modern model, finding such a 
fitting equation was not straight forward.  Due to this non-linearity, an analytical current-
voltage equation for the shallow trap SCL model incorporating the modern PF model 
could not be obtained by using Murgatroyd’s numerical method. 
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 V  2/ModernJ V  
0 Undefine 
0.0863 0.0018 
0.1514 0.0019 
0.2634 0.0021 
0.4505 0.0024 
0.7474 0.0032 
1.1891 0.0050 
1.7403 0.0109 
2.2879 0.0365 
2.6476 0.2035 
2.7607 1.7216 
2.7773 16.8071 
2.7787 167.7289 
2.7788 1677.2600 
2.7788 16772.6003 
 
Table 5.2.3:  Current Enhanced Ratio.  The material parameters are εr = 
11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, 
and EC-Et =0.562 eV. 
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Figure 5.2.2:  Current enhancement ratio for silicon.  The material 
parameters are εr = 11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 
μm, Nt = 1016 cm-3, and EC-Et =0.562 eV. 
 
 
 Because the JModern-V characteristics shown in Figures 5.2.1 and 5.2.2 are not 
general results for any material, another example with different material parameters was 
produced to determine whether similar results would be obtained.  In this example, we 
chose germanium material parameters, L = 1 μm, Nt = 1016 cm-3, and EC - Et = 0.335 eV.  
As for the case of silicon, EC - Et = 0.335 eV is simply half of the band-gap energy.  The 
JModern-V characteristics on a log-log plot and the current enhancement ratio for this 
example are shown in Figures 5.2.3 and 5.2.4.  Although the current level for germanium 
is higher than the current level for silicon due to the higher dielectric constant, higher 
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 mobility, and lower band-gap energy, the basic behavior of the JModern-V characteristics 
shown in Figures 5.2.3 and 5.2.4 for germanium agrees with the results for silicon shown 
in Figures 5.2.1 and 5.2.2.  Although the results shown in Figures 5.2.1 – 5.2.4 are not 
proven to be general for any material, the results obtained for two different materials are 
consistent.  Therefore, we expect that the model presented in this section is valid for any 
material. 
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Figure 5.2.3:  Current-voltage characteristics for the modern model, 
Murgatroyd’s classical model, and pure SCL shallow-trap-square law for 
germanium.  The material parameters are εr = 16, μ = 3900 cm2/V s, NC = 
1.04 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et =0.335 eV. 
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Figure 5.2.4:  Current enhancement ratio for germanium.  The material 
parameters are εr = 16, μ = 3900 cm2/V s, NC = 1.04 x 1019 cm-3, L = 1 μm, 
Nt = 1016 cm-3, and EC-Et =0.335 eV. 
 
 
5.3 Barbe’s Analytical Method 
 
 
 In [14], Barbe found an analytical solution for the current-voltage characteristics 
of the shallow trap Space-Charge-Limited (SCL) model incorporating the classical Poole-
Frenkel (PF) model by separating the cases into low- and high- field regions.  In the first 
part of this section, we will derive the current-voltage characteristics for the modern 
model by following Barbe’s analytical method.  In the second part of this section, some 
analysis and observations will be made on our modern model solution.  The current-
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 voltage curves for our modern version of Barbe’s low-field and high-field regions, as 
well as our numerical model from Section 5.2 will be plotted and compared. 
 The relationship between JModern and ε  for position, x, is defined in equation 
(132).  In [14], Barbe introduced variables to simplify the classical version of equation 
(132) before he started his derivation; however, in this section, we will skip this step 
because finding such variables for simplifying (132) is cumbersome in the modern 
model.  To obtain the current-voltage characteristics, the integral 
0
L
V dxε= ⋅∫  must be 
computed.  From (131), dx can be written in terms of ε  as, 
 expclassical
t Modern
dx d d
N q J kT
μεθε β εε ε ε⎛ ⎞= + ⋅⎜ ⎟⎜ ⎟⎝ ⎠ . (144) 
We next substitute (144) into 
0
x
V dxε= ⋅∫  and integrate across the sample: 
 
0
( )
(0) 0
exp
L
L
classical
t Modern
V dx
d d
N q J kT
ε
ε
μεθε β
ε
εε ε ε
=
= ⋅
⎛ ⎞⎛ ⎞= +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
∫
∫ ε⋅
. (145) 
Equation (145) is the modern version of (103) in Section 4.3.  As in Section 4.3, the 
integral in (145) is computed by parts successively.  The result is, 
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( )
6
2
5 4 3
2
2( )
2
( ) ( ) ( )
5 20
( )
    exp 120
( ) ( )
        60 120 120
classical
t Modern
kTV L
N q J
L L L
kT kT kTL
kT L L
kT kT
μεθε
β
β β β
β
β β
ε
ε ε ε
ε
ε ε
⎛ ⎞= + ⎜ ⎟⎝ ⎠
⎡ ⎤⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎪ ⎪− +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎪ ⎪⎛ ⎞ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎪⎢ +⎜ ⎟ ⎨ ⎬⎜ ⎟⎢ ⎛ ⎞ ⎛ ⎞⎪ ⎪⎝ ⎠⎢ − + −⎜ ⎟ ⎜ ⎟⎪ ⎪⎜ ⎟ ⎜ ⎟⎢ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭⎣ ⎦
⎥⎥⎥⎥⎥⎥
.(146) 
Equation (146) corresponds to (105) in the classical model.  As explained in Section 4.3, 
(146) contains three variables:  voltage, current density, and electric field.  Since we want 
an expression that relates the current and voltage only, one more equation is necessary in 
order to eliminate the field.  By evaluating (132) at x = L, the relationship between JModern 
and ( )Lε  is obtained, and can be written as, 
 
4
3 2
( )
exp
2
( ) ( ) ( )
3 6 6
1 ( )
classical
Modern
t
L
kTkT
L L L
kT kT kT
J L L
N q
β
θ β β β β
με μ
6
ε
ε ε ε
ε
⎡ ⎤⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎛ ⎞ ⎢ ⎥⎜ ⎟ ⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥⎝ ⎠ ⎪ ⎪− + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭⎣ ⎦=
−
+
.(147) 
Equation (147) corresponds to (106) in the classical model.  Combining (146) and (147), 
JModern is eliminated, and the relationship between V and ( )Lε  is becomes, 
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ε ε β ε
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β β
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β
ε ε
ε ε ε
ε ε
ε
ε
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⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠⎜ ⎟⎜ ⎟ ⎛⎝ ⎠ +
⎝
20
6
6
⎧ ⎫⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪⎪ ⎪+⎨ ⎬⎡ ⎤⎧ ⎫⎪ ⎪⎢ ⎥⎪ ⎪⎪ ⎪⎢ ⎥⎪ ⎪⎪ ⎪⎪ ⎪+⎢ ⎥⎨ ⎬⎪ ⎪⎞⎢ ⎥⎪ ⎪⎪ ⎪−⎜ ⎟⎢ ⎥⎪ ⎪⎪ ⎪⎜ ⎟⎪ ⎪⎢ ⎥⎠⎩ ⎭⎣ ⎦⎩ ⎭
. (148) 
Equation (148) corresponds to (107) in the classical model.  By solving (148) for ( )Lε  
and substituting the result into (147), in principle, the analytical solution for JModern(V) 
could be obtained; however, (148) is a transcendental equation for electric field.  
Therefore, low- and high- field approximations are made.  In the low-field region, where 
( )
1
L
kT
β ε  , the PF effect is negligible.  Therefore, as it was for the classical model, the 
shallow-trap-square law is a good approximation in the low-field region: 
 
2
3
( )9   for   1
8Modern classical
LVJ
L kT
βεμθ ε=   (149) 
In the high-field region where 
( )
1
L
kT
β ε  , the polynomials of ( )L
kT
β ε
 in (147) and 
(148) are approximated by only keeping the largest power terms.  Therefore, (148) 
reduces to 
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( )
( )
22
2
2
( )1( ) ( )
2
( ) ( )
2
t t
t
LkT LV L L
N q N q kT
L L L
N q
βε ε β ε
ε
εε ε
ε ε
⎛ ⎞⎡ ⎤⎛ ⎞= + − ⎜ ⎟⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎣ ⎦ ⎝
= − +
⎠  (150) 
and (147) reduces to 
 
34 ( ) ( )
2 exp
1 ( )
classical
Modern
t
L LkT
kT kT
J L L
N q
β βθ β
με μ
ε ε
ε
⎡ ⎤⎛ ⎞⎛ ⎞⎛ ⎞ ⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦=
−
. (151) 
Solving (150) for ( )Lε  yields: 
 
2
2
4
2
( )
4
2
t
t
t t
t
L L V
N q
L
N q
LN q N q L V
N q
ε
ε
ε
ε ε
ε ± −=
= − −
. (152) 
Note that there are two solutions for ( )Lε  since (150) is a quadratic equation; however, 
the other solution is unphysical since V and ( )Lε  must be directly related, or in other 
words, when V increases, ( )Lε  must also increase.  By substituting (152) into (151), 
JModern for high-field region is obtained: 
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 (153) 
( )
for   1.            
L
kT
β ε   
 The JModern-V characteristics for our SCL models incorporating the modern PF 
model, obtained by following the basic procedures of both Murgatroyd and Barbe are 
shown in Figure 5.3.1.  The same silicon material parameters used in the example of 
Section 4.4 were used.  As we see in Figure 5.3.1, at low voltages, the numerical model 
and low-field model agree.  At medium voltages, both the low- and high- field models 
deviate from the numerical model.  At high voltages, the high-field model and numerical 
model agree.  Similar to the classical model results shown in Figures 4.4.1 and 4.4.2, the 
modern model results agree well at the low and high field regions. 
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Figure 5.3.1:  Numerical and analytical SCL current-voltage characteristics 
incorporating the modern PF model.  The material parameters are εr = 11.7, 
μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-
Et = 0.562 eV. 
 
 
 The primary difference between the modern model and the classical model results 
is the presence of a vertical asymptote in the modern model.  A more detailed discussion 
on the modern model predictions will be given in the following section; however, in this 
section, we pay attention to the fact that the voltage range for the modern model is 
limited due to presence of the asymptote.  In the modern model, the current density 
approaches infinity as the voltage approaches to a particular value, which is about 7 to 8 
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 V in the example of Figure 5.3.1.  As seen in this graph, the numerical model and high-
field model do not agree well until the curves approaches the asymptote.  In the classical 
results shown in Figures 4.4.1 and 4.4.2, the current density increases with a finite slope 
with voltage.  Due to the absence of an asymptote in the classical models, good 
agreement between Murgatroyd’s classical model and Barbe’s classical high-field model 
was observed in the very high-field region.  However, in the modern model, JModern-V 
characteristics reach the asymptote before the voltage gets high enough for the high-field 
model to be a good approximation. 
 In Figure 5.3.2, the classical and modern models only in high-field region are 
shown.  Needless to say, numerical and analytical models do not agree at low voltages for 
both the classical and modern models.  In the classical models, good agreement is not 
observed until the voltage becomes greater than the voltage at which the asymptote is 
found in the modern model.  In the modern models, the numerical model and the 
analytical high-field model do not agree until the voltage approaches the asymptote.  Due 
to these observations, a question emerged.  For the modern model, the high-field 
approximation may not be valid.  Also, recall that the SCL models incorporating the PF 
effect derived in Chapters 4 and 5 are only valid in the shallow trap field region, and as 
discussed in Chapter 2, the shallow trap field region is also limited between the transition 
voltage, VX given in (22), and the TFL law, 
2
t
TFL
qN LV ε≈ .  If the high-field 
approximation is only valid at very high voltages, the validity of this high-field model 
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 may be problematic for a typical range of the SCL shallow trap field region regardless of 
whether the classical or modern models are used. 
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Figure 5.3.2:  SCL models incorporating the modern and classical PF 
models in high fields.  The material parameters are εr = 11.7, μ = 1417 
cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et = 0.562 
eV. 
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 5.4 Analysis and Observation of the Space-Charge-Limited Current Model Incorporating 
the Modern Model of the Poole-Frenkel Effect 
 
 
5.4.1 Association Between the Vertical Asymptote and the Trap-Filled-Limit Law 
 
 In Section 5.1, the Space-Charge-Limited (SCL) current model incorporating the 
modern model of the Poole-Frenkel (PF) effect was derived, and in Sections 5.2 and 5.3, 
the current-voltage characteristics predicted by this model were obtained by following 
Murgatroyd’s numerical method and Barbe’s analytical method.  In Section 5.2 a plot of 
the JModern-V characteristics was obtained by applying Murgatroyd’s numerical method; 
however, a general equation for JModern(V) could not be obtained as was possible with the 
classical model.  In Section 5.3, equations for JModern(V) were found for low and high 
field regions by using Barbe’s analytical method; however, the validity of this high-field 
approximation is problematic in the typical field range for the SCL shallow trap field 
region.  Due to these problems, an equation that relates current and voltage for the SCL 
model incorporating the modern PF model could not be obtained.  However, by 
evaluating (132) at x = L, an equation that relates JModern and ( )Lε  can be obtained, and 
is written as, 
4
3 2
( )
exp
2
( ) ( ) ( )
3 6 6
1 ( )
classical
Modern
t
L
kTkT
L L L
kT kT kT
J L L
N q
β
μθ β β β β
ε
6
ε
ε ε ε
ε
⎧ ⎫⎛ ⎞⎪ ⎪⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠⎛ ⎞ ⎪ ⎪⎨ ⎬⎜ ⎟ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎝ ⎠ ⎪ ⎪⎢ ⎥− + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎪ ⎪⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭=
−
+
. (154) 
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 Although the voltage across a material and the electric field at the end of a material are 
not the same, insightful analysis and observations can be made from the Jmodern- ( )Lε  
characteristics.  By evaluating (80) at x = L, JClassical as a function of ( )Lε  can also be 
obtained, and is written as,  
4
3 2
( )
exp
2
( ) ( ) ( )
3 6 6
classical
Classical
L
kTkT
L L L
kT kT kT
J L
β
μθ β β β β
ε
6
ε
ε ε ε
⎧ ⎫⎛ ⎞⎪ ⎪⎜ ⎟⎜ ⎟⎪ ⎪⎝ ⎠⎛ ⎞ ⎪ ⎪⎨ ⎬⎜ ⎟ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎝ ⎠ ⎪ ⎪⎢ ⎥− + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎪ ⎪⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭=
+
.(155) 
As seen in (154) and (155), the only difference between JModern and JClassical is the 
denominator.   
 JModern- ( )Lε  and JClassical- ( )Lε  characteristics are graphed on log-log plots and 
shown in Figure 5.4.1.  We can see that the primary difference between the modern and 
classical predictions is that there is a vertical asymptote observed in the modern model 
that deviates drastically from the classical result.  In the modern model, as ( )Lε  
approaches a particular value, Jmodern increases very sharply and approaches infinity.  On 
the other hand, in the classical model, JClassical simply increases with ( )Lε  indefinitely.  
This basic behavior was similar to what was observed for JModern-V and JClassical-V in 
Figures 4.4.1 and 5.3.1. 
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Figure 5.4.1:  Modern and classical models of SCL current incorporating 
the PF effect.  The material parameters are εr = 11.7, μ = 1417 cm2/V s, NC 
= 2.8 x 1019 cm-3, L = 1 μm, Nt = 1016 cm-3, and EC-Et = 0.562 eV. 
 
 
 Recall that in the SCL current theory discussed in Chapter 2, there is a transition 
from the shallow trap region to the trap-free-square law region, and this transition occurs 
at the Trap-Filled-Limit (TFL) law.  As discussed in Section 2.2.6, at the TFL law, the 
shallow trap SCL current rises nearly vertically with voltage, and the SCL current merges 
with the trap-free-square law as illustrated in Figure 2.2.6.1.  This rapid rising in current 
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 suggests a possible association between the TFL law and the vertical asymptote observed 
in JModern.   
 The value of ( )Lε  at the vertical asymptote in JModern can be determined by 
setting the denominator of (154) equal to 0: 
 1 ( ) 0
t
L L
N qε ε− = . 
Solving for ( )Lε , we obtain, 
 ( ) tqN LL εε = . (156) 
Using (156), the electric field at the asymptote shown in Figure 5.4.1 is calculated as, 
 
19 16 4
5
14
(1.6 10 )(10 )(10 )( ) 1.545 10  V/cm
(11.7)(8.854 10 )
tqN LL εε
− −
−
×= = = ×× . 
In Figure 5.4.1, we see that the vertical asymptote occurs at 5( ) 1.5 10  V/cmLε ≈ × , thus 
the calculated result and the plot shown in Figure 5.4.1 are consistent.  The consistency 
between (156) and the Jmodern-V characteristics shown in Figures 5.2.1 and 5.3.1 can also 
be confirmed by using (148), which gives the V- ( )Lε  relationship.  For convenience, 
(148) is rewritten below: 
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. (157) 
By substituting (156) into (157), the voltage at the asymptote in the modern model is 
determined to be, 
 
2
2
tqN LV ε= . (158) 
Using (158), the voltage at the asymptote shown in Figures 5.2.1 and 5.3.1 is calculated 
as, 
 
2 19 16 4 2
14
(1.6 10 )(10 )(10 ) 7.726 V
2 2(11.7)(8.854 10 )
tqN LV ε
− −
−
×= = =× . 
The J-V characteristics shown in Figures 5.2.1 and 5.3.1 show an asymptote at .  
The calculated result and the plots shown in Figures 5.2.1 and 5.3.1 are also consistent. 
8 VV ≈
 From equation (27), the voltage at the TFL law can be written as, 
 
2
t
TFL
qN LV ε≈ . (159) 
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 By comparing equations (156) and (159), we see that ( )Lε  at the asymptote in the 
modern model (156) is equal to tTFL qN LV
L ε≈ .  Although, ( )Lε  is not exactly equal to 
V/L (and in fact,  given in TFLV (159) and the voltage at the asymptote given by (158) do 
not agree), these results suggest the possibility that the asymptote in JModern occurs at the 
TFL law.  Recall that the expression for VTFL in (159) is derived under the simple 
phenomenological analysis that ignores the spatial variation of quantities such as charge 
concentration and electric field intensity.  In the exact analytical formulation, the spatial 
variation of these quantities can not be ignored.  Therefore, it is not surprising that (158) 
and (159) do not agree. 
 Although it is difficult to obtain the exact analytical solution for VTFL from first 
principles, it is possible to obtain the exact analytical solution for ( )Lε  that corresponds 
to VTFL by starting with the Poisson Equation.  The Poisson equation can be written as, 
 ,injected trapped injectedd
dx
ρ ρ
ε
ε += . (160) 
Separating and integrating (160) yields, 
 ( ),1 injected trapped injectedd dρ ρεε = + x  
 (( ) ,
(0) 0
1L L
injected trapped injectedd
ε
ε
ρ ρεε = +∫ ∫ )dx  (161) 
From the boundary condition given in (32), the left hand side of (161) is integrated, and 
(161) becomes, 
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  ( ,
0
1( )
L
injected trapped injected )L dxρ ρεε = +∫ . (162) 
By Gauss’ Law, .  Therefore, equation ( ),
0
L
injected trapped injected injecteddx Qρ ρ+ =∫ (162) can be 
written as, 
 1( ) injectedL Qεε = . (163) 
At the TFL law, all traps have just been filled with injected electrons.  Therefore, 
 TFL tQ qN L= . (164) 
By substituting (164) into (163) for Qinjected, ( )Lε  at the TFL law becomes, 
 ( ) tTFL
qN LL εε = . (165) 
The subscript “TFL” is used to denote ( )Lε  at the TFL law.  We see that the expression 
for ( )TFL Lε  in (165) agrees with ( )Lε  at the asymptote as given in (156).  Therefore, it 
is proven that the vertical asymptote observed in the shallow trap SCL model 
incorporating the modern PF model occurs at the TFL law in general.  Also, since the 
voltage at the asymptote is given in (158), the exact analytical solution for VTFL can be 
written as, 
 
2
2
t
TFL
qN LV ε= . (166) 
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 5.4.2 Discussion of the Results 
 
 The difference between JClassical and JModern is the method of modeling the 
population statistics of the trapped carrier concentration.  In JClassical, the Boltzmann 
approximation is used to define the trapped carrier concentration.  However, in JModern, 
the Fermi-Dirac distribution function is used instead of the Boltzmann approximation to 
define the trapped carrier concentration.  The primary result of using the Fermi-Dirac 
distribution function is a prediction of the Trap-Filled-Limit (TFL) law.  When Et – EF >> 
kT, the Boltzmann approximation works well.  However, as discussed in Chapter 2, EF is 
rising as more electrons are being injected.  When the position of EF becomes close to Et, 
the Boltzmann approximation begins deviating significantly from the correct population 
statistics of the traps.  Therefore, JClassical fails to predict the TFL law, and predicts the 
current continually increases with applied field. 
 It’s worth mentioning that inclusion of the Poole-Frenkel (PF) effect affects the 
Space-Charge-Limited (SCL) current only in the shallow trap field region.  Also, JModern 
and JClassical are valid only in the shallow trap field region.  For the electron traps to be 
“shallow”, the electron trap level must be above EF.  However, EF increases as more 
electrons are injected.  Therefore, a transition occurs from the shallow trap to the deep 
trap regimes when EF crosses trap energy level. 
 As EF increases above the electron trap level, the continuing increase of EF results 
in rapid filling of the electron traps.  This is referred to as the TFL law, and the applied 
electric field required to fill the set of electron traps is defined as TFLε .  The variation of 
current at the TFL law is expected to be very large for a small change in applied field.  In 
113 
 fact, the increase in current at the TFL law appears to be almost a vertical on a log J-log 
ε  plot.  Since the entire population of electron traps is filled with electrons at this point, 
all of the additional injected electrons contribute directly to the conduction for applied 
fields beyond the TFL law.  In other words, the SCL J-ε  characteristics follow the trap-
free square law beyond the TFL law. 
 In Section 5.4.1, it was proven that the asymptote observed for JModern occurs in 
general at the TFL law.  In other words, the SCL current model incorporating the modern 
PF model predicts the TFL law, while the classical model predicts a continuing increase 
in current with finite slope.  In the shallow trap field region, relatively low fields, the 
modern and the classical model agree, and these two models show slightly higher current 
levels than the pure SCL model.  In the deep trap field region (essentially a vertical line at 
the TFL law), the modern model predicts a very large increase in current which is 
consistent with the SCL current theory.  At fields above the TFL law, the SCL current 
model is supposed to merge with the trap-free-square law; however, JModern approaches 
infinity as the electric field approaches the TFL law, so JModern never merges with the 
trap-free-square law.  This result is also expected because our modern model is derived 
only for the shallow trap field region.  The classical model and the SCL shallow-trap-
square law do not predict the TFL law.  Therefore, it can be concluded that the modern 
model is not only more accurate, but it yields some insight into the principle mechanisms 
of SCL current. 
 The prediction of the TFL law in the SCL current model incorporating the modern 
PF model is analogous to the prediction of PF saturation in the modern PF model.  The 
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 prediction of the TFL law is essentially a prediction of the saturation of electron trapping 
due to the finite number of available traps in a material.  At fields above the TFL law, the 
entire trap populations is filled with electron, thus there are no more traps available to 
trap any additional injected electrons.  Therefore, no more electron trapping can occur, 
and all of the additional injected electrons contribute directly to conduction.  On the other 
hand, the prediction of PF saturation is essentially a prediction of the saturation of 
electron de-trapping due to the limited number of electrons in traps.  After PF saturation 
occurs, the barrier height of the Coulombic traps is lowered to its ground state, and all the 
traps are empty.  Beyond the saturation field, Sε , the traps in the material are no longer 
effective, and there are no more electrons available to be emitted.  Both of these 
predictions, PF saturation and SCL TFL law, are accomplished by proper modeling of the 
population statistics of the trapping centers due to the use of the Fermi-Dirac distribution 
function. 
 Despite these analogies between PF saturation and the TFL law, the effect of PF 
saturation could not be observed in our modern model as shown in Figure 5.4.1.  In 
Chapter 6, we will derive a more advanced model of the SCL mechanism incorporating 
the modern PF model in order to analyze the effect of PF saturation on the SCL current.  
These results will yield even more insight into the SCL mechanism. 
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 CHAPTER 6 
POOLE-FRENKEL SATURATION AND THE SPACE-CHARGE-LIMITED 
CURRENT THEORY 
 
 
 In Chapters 4 and 5, the Space-Charge-Limited (SCL) current models 
incorporating the classical and modern models of the Poole-Frenkel (PF) effect were 
derived and analyzed.  The primary result of incorporating the modern PF model instead 
of the classical model is the prediction of the Trap-Filled-Limit (TFL) law, while the 
classical model predicts a continuing increase in current with electric field with finite 
slope.  As discussed in Chapter 5, there are some analogies between PF saturation and the 
TFL law.  The modern model of the PF effect predicts PF saturation, and the SCL model 
with incorporation of the modern PF model predicts the TFL law.  Both of these 
predictions are achieved by using the Fermi-Dirac distribution function to define the 
population statistics of the traps.  Accurate treatment of the population statistics of traps 
is very important for predicting PF saturation and the TFL law.  Both of these phenomena 
are essentially the result of the Coulombic traps becoming ineffective.  The PF saturation 
occurs when the potential barrier of the traps are lowered completely to the ground state 
so that the traps are no longer effective.  The TFL law occurs when all the available traps 
are filled with electrons so that no more electrons can interact with these traps.  Proper 
modeling of the trap population statistics allows these two modern models to predict the 
phenomena that the classical models failed to.  Despite having these common 
characteristics, the effect of PF saturation could not be observed in the current-field 
characteristics of our modern model presented in Chapter 5.  In this chapter, a more 
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 advanced model of the SCL mechanism incorporating the modern PF model will be 
derived and analyzed for the purpose of observing the effect of PF saturation on SCL 
current. 
 
6.1 The Effect of Poole-Frenkel Saturation on the Space-Charge-Limited Current 
 
 
 The Poole-Frenkel (PF) saturation field, Sε , for the JModern- ( )Lε  characteristics 
shown in Figure 5.4.1 can be calculated from equation (49).  Recall that the PF constant, 
β, can be calculated from (44) as, 
 
3 19 3
-23
14
(1.6 10 ) 3.5477 10   
(11.7)(8.854 10 )
qβ πε π
−
−
×= = = ×× .  
 Using β calculated above, Sε  is calculated from equation (49) as, 
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−
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.  
From equation (165), TFLε  is also calculated: 
 
19 16 4
5
14
(1.6 10 )(10 )(10 ) 1.545 10  V/cm
(11.7)(8.854 10 )
t
TFL
qN L
εε
− −
−
×= = = ×× . 
Therefore, the PF saturation field, Sε , is greater than the Trap-Filled-Limit (TFL) law in 
this case.  In other words, PF saturation never occurs in these JModern- ( )Lε  
characteristics.  In order for PF saturation to occur, the TFL field, TFLε , must be larger 
than the PF saturation field.  To obtain such JModern- ( )Lε  characteristics, a plot using 
equation (154) is reproduced with the same parameters used in Figure 5.4.1 except for the 
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 trap concentration.  As seen in equations (165) and (49), by having a larger Nt, TFLε  
increases, but Sε  remains the same since it is independent of Nt.  A trap concentration of 
Nt = 1018 cm-3 is chosen instead of 1016 cm-3.  The TFLε  for this case is: 
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. 
So for this case, TFLε  is now greater than Sε .   
 The JModern- ( )Lε  characteristics with Nt = 1018 cm-3 are shown in Figure 6.1.1.  
For comparison, a pure Space-Charge-Limited (SCL) current model without 
incorporating the PF effect is also plotted in Figure 6.1.1.  In this SCL model, the PF 
effect is not considered; however, the Fermi-Dirac distribution function is used for 
defining the trapped carrier concentration.  A brief derivation of the pure SCL model 
using the Fermi-Dirac distribution function is given below.  The derivation starts from 
equations  (121) and (124), which are rewritten here for convenience: 
 dJ
dx
μεθ εε= , (167) 
and, 
 exp FQ CCmodern Classical
t
E EN
N kT
θ −⎛ ⎞= ⎜ ⎟⎝ ⎠ θ+ . (168) 
Recall that θ  defines the ratio of the free to trapped carrier concentration in general, 
classicalθ  uses the Boltzmann approximation for defining the trapped carrier concentration, 
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 and modernθ  uses the Fermi-Dirac distribution function for defining the trapped carrier 
concentration.  Substituting modernθ  in (168) into θ  in (167), 
 exp FQ CCModernPureSCL Classical
t
E EN dJ
N kT
με θ
dx
εε⎡ ⎤−⎛ ⎞= +⎢ ⎜ ⎟⎝ ⎠⎣ ⎦⎥ . (169) 
By substituting (130) into (169),  (169) can be written as, 
 C ModernPureSCLModernPureSCL Classical
t C
N J dJ
N q N dx
με θμ
εεε⎡ ⎤= +⎢⎣ ⎦⎥ . (170) 
Separation of variables in (170) yields, 
 ModernPureSCL ModernPureSCL Classical
t
J Jdx d d
N q
θμε μ ε ε ε= + . (171) 
Integrating (171) and evaluating at x = L, the pure SCL model with the Fermi-Dirac 
distribution function is obtained: 
 
2( )
12 (
Classical
ModernPureSCL
t
LJ
L )L
N q
θ
με μ
ε
ε= ⎡ ⎤−⎢ ⎥⎣ ⎦
. (172) 
The subscript, “ModernPureSCL” is used to denote the current density for the pure SCL 
current model with the Fermi-Dirac distribution function used for the trapped carrier 
concentration.  As seen in Figure 6.1.1, the SCL model incorporating the modern PF 
effect has a higher current level than the pure SCL model, due to the PF emission of free 
carriers.  However, even though the PF effect is not incorporated, the modern SCL model 
predicts the TFL law.  The prediction of the TFL law is not a surprising result since the 
TFL field can be computed by setting the denominator of (172) equal to 0.  It appears that 
as long as the Fermi-Dirac distribution function is used for defining the trapped carrier 
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 concentration, the SCL model can predict the TFL law.  Also, as seen in Figure 6.1.1, 
nothing is observed at Sε  even though the PF saturation occurs before the TFL law.  
Unlike the pure PF model discussed in Chapter 3, the free carrier concentration will never 
be saturated in the SCL current model because more electrons continue being injected at 
any applied field.  Even after all the electrons are emitted from the traps, there is electron 
injection still available that can contribute to the increase in the free carrier concentration.  
Therefore, in the study of current injection into materials, observing the PF saturation 
may not be as obvious as for the pure PF theory in the bulk of a material. 
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Figure 6.1.1:  Modern Models of SCL Current with and without 
Incorporation of the PF effect.  The material parameters are εr = 11.7, μ = 
1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1018 cm-3, and EC-Et 
=0.562 eV. 
 
 
 As stated above, in the current injection problem, the free carrier concentration is 
never saturated; and therefore, the observation of PF saturation may not be as obvious as 
the case of the pure PF model in the bulk of an insulator.  However, this does not explain 
the continuing current enhancement due to the PF effect predicted for the field region 
beyond the PF saturation field, Sε .  There must be some other reasons why nothing 
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 significant is observed at Sε  in the SCL current model incorporating the modern PF 
model.  One possible reason for this result is the approximation in the Poisson Equation, 
 trapped trappedd
dx
ρ ρ ρ
ε ε
ε += ≈ . (173) 
In Chapters 4 and 5, we derived the models only for the case of shallow traps.  Therefore, 
we assumed that the free carrier concentration was negligible in equations (65) and (120).  
This approximation should be valid for most of the shallow trap field region since ρtrapped 
is much larger than ρ.  However, this assumption may not be valid for fields in the 
vicinity of Sε  or even in the vicinity of TFLε , because both the free and the trapped 
carrier concentrations are not negligible in the vicinity of the transition field and beyond.  
In the next section, an SCL current model incorporating the modern PF model will be 
derived without ignoring the free carrier concentration, ρ, in the Poisson equation. 
 
6.2 Modern Space-Charge-Limited Current Model Using the Exact Form of the Poisson 
Equation 
 
 
 In Section 6.1, JModern- ( )Lε  characteristics were plotted for Nt = 1018 cm-3 so that 
Poole-Frenkel (PF) saturation occurs at a lower field than the transition from the shallow 
trap Space-Charge-Limited (SCL) region to the trap-free-square law region.  However, 
nothing significant is observed at ( ) SLε ε= .  One possible reason for this result is the 
approximation, trapped trappedd
dx
ρ ρ ρ
ε ε
ε += ≈ .  This approximation should be valid for most 
of the shallow trap field region since ρtrapped will be much greater than ρ.  However, for 
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 fields in the vicinities of Sε  and TFLε , ρ is no longer negligible.  In this section, we 
derive an SCL current model incorporating the modern PF model and using the exact 
Poisson’s equation:   
 trappedd
dx
ρ ρ
ε
ε += . (174) 
By using the exact Poisson’s equation, the resulting model should be valid for both the 
shallow trap field region and the trap-free-square law region.  Furthermore, this model 
may lead to new insights at the transition fields, such as Sε  and TFLε . 
 The derivation starts from equations (118), (119), and (120).  For convenience, 
these equations are rewritten here: 
 
trapped
ρθ ρ=  (175) 
 J μρε=  (176) 
 trappedd
dx
ρ ρ
ε
ε +=  (177) 
Note, the only difference in this derivation and that of Chapter 5 is the use of the exact 
Poisson equation in place of (120).  Combining equations (175), (176), and (177), the 
current density can be written as, 
 
1
dJ
dx
θμε θ
εε= + . (178) 
To incorporate the modern model of the PF effect, θ  is replaced with FPFmodern: 
 _ 1
PFmodern
PF All
PFmodern
F dJ
F dx
με εε= + . (179) 
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 The subscript “PF_All” is used to distinguish this model from the modern model derived 
in Chapter 5.  “All” implies that this model is valid for both the shallow trap field region 
and the trap-free-square law region.  FPFmodern given in (127) is substituted into (179), and 
equation (179) becomes, 
 _
exp exp
1 exp exp
FQ CC
classical
t
PF All
FQ CC
classical
t
E EN
N kT kT dJ
dxE EN
N kT kT
βθ
με βθ
ε
εεε
⎡ ⎤⎛ ⎞−⎛ ⎞ +⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦= ⎡ ⎤⎛ ⎞−⎛ ⎞+ +⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
. (180) 
By substituting (130) into exp FQ C
E E
kT
−⎛ ⎞⎜⎝ ⎠⎟
 and rearranging (180), equation (180)
becomes, 
 
_
_
_
exp
exp
PF All Classical t
PF All
t PF All Classical t
J N q
kTJ
dx d
N q J N q
kT
βθ μ
με βμ θ μ
εε ε
εεε ε
⎡ ⎤⎛ ⎞+⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦= ⎛ ⎞+ + ⎜ ⎟⎝ ⎠
. (181) 
By integrating (181), JPF_All( ( )Lε ) can be obtained.  However, it is quite difficult to 
integrate (181) analytically.  Therefore, a numerical method is used.   
 Simpson’s Rule is used for integrating (181).  The same values used in Section 
6.1 are substituted into the parameters in (181) prior to the use of the numerical method.  
The left hand side of (181) becomes, 
 ( )_ _ 4 _
0
6.812 10
L
PF All PF All
PF All
J J
dx L Jμε με⋅ = = ×∫ , (182) 
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 where 
4
4
14
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(1417)(11.7)(8.854 10 )
L
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−
−= × = × .  The right hand side of  (181) 
becomes, 
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where 
19
8
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2.8 10 0.562exp exp 1.021 10
10 0.02586
C C t
classical
t
N E E
N kT
θ −− ×⎛ ⎞ ⎛ ⎞= − = − = ×⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠  from (63) 
and, 
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t
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θ μ
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Simpson’s Rule is used for integrating (183).  A general formula for Simpson’s Rule is, 
 ( )
0
0 1 2 2 1
1( ) 4 2 ... 2 4
3
nx
n n
x
nf x dx h f f f f f f− −
⎛ ⎞⋅ ≈ + + + + + +⎜ ⎟⎝ ⎠∫ , 
where n is the number of sub-divisions, 0nx xh
n
−= , and f0, f1, and fn are f(x) evaluated 
for uniformly spaced values of x from x0 to xn [28].  The parameters in Simpson’s Rule 
are defined for the integral in (183) as, 
 0 0x = , (184) 
 ( )nx Lε= , (185) 
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( ) ( )
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, (186) 
 dx dε= . (187) 
For integrating (183), we chose n = 4.  Therefore, 0 ( ) 0 ( )
4 4
nx x L Lh
n
ε ε− −= = = .  f0, f1, 
and fn are f(ε ) evaluated for uniformly spaced values of ε  for ε  = 0 to ( )Lε ε= ; i.e.,  
0 ( 0)f f 0ε= = = , 1 ( 1 4 ( ))f f Lε ε= = × , 2 ( 2 4 ( ))f f Lε ε= = × , 
3 ( 3 4 ( ))f f Lε ε= = × , and 4 ( ( ))f f Lε ε= = .  After integrating (183) by substituting 
these parameters into the Simpson’s Rule formula, the right hand side of (181) becomes, 
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+
+ +∫
L
. (188) 
The left and right hand sides of (181) shown in (182) and (188) respectively contain 
JPF_All as the only variable.  By equating (182) and (188) and solving for JPF_All, JPF_All can 
be obtained for ( )Lε .  This process is repeated until a sufficient set of data is obtained 
for JPF_All - ( )Lε . 
 For example, we illustrate the computation of JPF_All for ( )Lε =102 V/cm.  First, 
f(ε ), which is the integrand of (183), is evaluated for the uniformly spaced values of ε  
for ε =0 to ε = ( )Lε =102 V/cm as shown below: 
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  0ε = :     0 0f =  
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By plugging the above results into Simpson’s Rule, we compute the integral of equation 
(183): 
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 Equation (189) is the right hand side of (181).  By equating (189) to the left hand side of 
(181), as given in (182), the following equation is obtained: 
( )
( ) ( )
( ) ( )
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2 2
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_ _
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4 4
_ _
4 4
_ _
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⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
. (190) 
We see from (190) that JPF_All is the only variable.  By solving (190) for JPF_All iteratively 
using Mathcad computer software, JPF_All = 8.0245 x 10-10 A/cm2 for ( )Lε =102 V/cm. 
 The process presented above is repeated for other values of ( )Lε  until a 
sufficient set of JPF_All- ( )Lε  data is obtained, and the JPF_All- ( )Lε  data is tabulated in 
Table 6.2.1.  Values for ( )Lε  are chosen arbitrarily; however, in order to obtain a 
smooth plot of the JPF_All- ( )Lε  characteristics from Table 6.2.1, some parts of the plot 
need more data points than others.  Therefore, the values for ( )Lε  shown in Table 6.2.1 
are not uniformly distributed.   
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 ( )Lε  (V/cm) JPF_All (A/cm2) 
102 8.0245 x 10-10
3 x 102 7.5965 x 10-9
103 9.3193 x 10-8
3 x 103 9.8336 x 10-7
104 1.4931 x 10-5
3 x 104 2.2719 x 10-4
105 7.175 x 10-3
3 x 105 3.6939 x 10-1
6 x 105 8.6145 
106 143.8 
2 x 106 16942 
3 x 106 5.3567 x 105
5 x 106 4.3952 x 107
6.424 x 106 1.7096 x 108
8 x 106 3.6384 x 108
107 6.4178 x 108
2 x 107 2.8498 x 109
3 x 107 6.5994 x 109
108 7.34 x 1010
109 7.34 x 1012
1010 7.34 x 1014
 
Table 6.2.1:  Computed JPF_All – ( )Lε  values.  The material parameters are 
εr = 11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1018 cm-
3, and EC-Et = 0.562 eV. 
 
 
 A plot of JPF_All - ( )Lε  is shown in Figure 6.2.1.  For comparison, the pure SCL 
model without considering the PF effect, but using the exact Fermi-Dirac distribution 
function and the exact Poisson equation (JSCL_All- ( )Lε ); the shallow trap SCL model 
incorporating the modern PF model derived in Chapter 5 (JModern - ( )Lε ); and the trap-
free-square law are also shown.  JSCL_All, the pure SCL model without considering the PF 
effect, but using the exact Fermi-Dirac distribution function and the exact Poisson 
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 equation, can be derived using the same procedure used for JPF_All.  The only difference is 
that instead of replacing θ  by FPFmodern, it is replaced by Modernθ  in (178).  The result is: 
 __
_
SCL All Classical tSCL All
t SCL All Classical t
J N qJ
dx d
N q J N q
θ μ
με μ θ μ
ε ε εε ε
⎡ ⎤+⎣= + +
⎦
( )
. (191) 
Similar to JPF_All, the subscript “SCL_All” is used to distinguish this model from 
JModernPureSCL, which is the model derived in Section 6.1.  From here, the procedure for 
obtaining JSCL_All- Lε  is exactly the same as for JPF_All- ( )Lε .  As seen in Figure 6.2.1, 
in the lower half of the field range, JPF_All and JModern agree.  However, when the field 
becomes high enough, JPF_All deviates from JModern and merges into the trap-free-square 
law, while JModern continues to increase and approaches infinity ( ) as Lε  approaches 
TFLε .  On the other hand, JSCL_All increases with a constant rate until the field approaches 
TFLε , and then it increases very sharply in the vicinity o FLf Tε .  After this sharp increase, 
JSCL_All merges with the trap-free-square law.  Further discussion of these results is 
presented in the next section. 
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Figure 6.2.1:  JPF_All – ( )Lε  Characteristics.  JSCL_All, JModern, and the trap-
free-square law are also shown for comparison.  The material parameters 
are εr = 11.7, μ = 1417 cm2/V s, NC = 2.8 x 1019 cm-3, L = 1 μm, Nt = 1018 
cm-3, and EC-Et = 0.562 eV. 
 
 
 The SCL current incorporating the modern PF model and using the exact Poisson 
equation derived in this section yields current-field characteristics.  Although many 
insights can be obtained from JPF_All– ( )Lε  characteristics, it is preferable to obtain 
JPF_All-V characteristics for a complete model.  However, due to the increased complexity 
in this model, it is difficult to obtain a JPF_All–V curve.  Since we only have a numerical 
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 result of JPF_All– ( )Lε , which is shown in Table 6.2.1 and Figure 6.2.1, we don’t have an 
analytical equation that relates JPF_All and ( )Lε .  In order to obtain current–voltage 
characteristics, not only is the analytical equation for JPF_All- ( )Lε  necessary, but we also 
need an expression that relates ε  to position, x, so that the integral, 
0
x
V dxε= ⋅∫ , can be 
computed.  Since a numerical method was used to obtain JPF_All– ( )Lε , we don’t have the 
necessary relationships for obtaining JPF_All(V).  Therefore, we could not obtain the 
current-voltage curve for the SCL current incorporating the modern PF model and using 
the exact Poisson equation.  Extension of this work to develop a JPF_ALL-V model is left 
for future research. 
 
6.3 Discussion of the Results 
 
 
 In Chapter 5, the Space-Charge-Limited (SCL) current model incorporating the 
modern Poole-Frenkel (PF) model was derived; however, nothing about PF saturation 
could be observed in the JModern- ( )Lε  characteristics plotted in Figure 5.4.1.  In Section 
6.1, JModern- ( )Lε  characteristics were plotted again with a larger trap concentration, Nt = 
1018 cm-3, so that the trap-filled-limit (TFL) law occurs at a higher field level than the PF 
saturation field.  However, nothing noteworthy is observed at Sε  even though PF 
saturation occurs at lower fields than the TFL law.  We speculated that the reason for this 
result is the approximation made in deriving the SCL model incorporating the modern PF 
model.  In the process of deriving this model, the free carrier concentration is ignored in 
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 the Poisson Equation given by (120).  This approximation should be valid in most of the 
shallow trap field region; however, in the vicinity of a transition field such as Sε  and 
TFLε , this approximation may not be valid.  In Section 6.2, a SCL model incorporating 
the modern PF model is derived using the exact Poisson Equation.  This model led to a 
more accurate prediction at the transition field from one region to another. 
 The model derived in Section 6.2 describes both the shallow trap field region and 
the trap-free-square law region.  As seen in Figure 6.2.1, at low fields, there is no 
difference between JModern and JPF_All.  However, as the field increases, the two models 
eventually begin to deviate.  JModern continues to increase to infinity as the field 
approaches TFLε ; however, JPF_All merges into the trap-free-square law.  On the other 
hand, the JSCL_All increases with a constant rate until it approaches TFLε , and then it shows 
a very sharp increase in the vicinity of TFLε .  At fields greater than TFLε , the model 
predicts the current-field curve will merge into the trap-free-square law.  Thus when the 
exact Poisson Equation is incorporated, both the SCL models, with and without the PF 
effect, predict a transition from the shallow trap field region to the trap-free-square law 
region instead of approaching infinity.  However, due to the PF enhancement of carriers, 
the model incorporating the PF effect predicts higher current level then the model without 
the PF effect.  Therefore, before the field level reaches the TFL law, JPF_All merges with 
the trap-free-square law, and its transition occurs at a field level lower than TFLε . 
 In Section 6.1, the PF saturation field, Sε , and the TFL law, TFLε , were 
calculated, and the results are rewritten here: 
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2
66.424 10  V/cmS
q
βε ⎛ ⎞Φ= = ×⎜ ⎟⎝ ⎠  
 71.545 10  V/cmtTFL
qN L
εε = = ×  
Not surprisingly, the pure SCL model using the exact Poisson Equation transitions from 
the shallow trap field region to the trap-free-square law on at TFLregi ε .  The 
mathematical proof of this result has been given in Section 5.4.1, and this result is 
consistent with the basic SCL theory discussed in Chapter 2.  On the other hand, as 
discussed above, the SCL model incorporating the PF model transitions to the trap-free-
square law  a field less than TFL at ε  because of the higher current level due to the PF 
enhancement.  This result is not consistent with the basic SCL theory discussed in 
Chapter 2; however, we speculated that the transition for this model occurs at the PF 
saturation field, Sε , because the calc field,  66.424 10  V/cmSulated PF saturation ε = × , 
and the transition shown in Figure 6.2.1 appeare to agree. 
 The analogies between PF saturation and the TFL law were discussed in Section 
5.4.2.  The TFL law is essentially a saturation of electron trappings due to the finite 
number of available traps in a material.  After the TFL law occurs, all of the traps are 
filled with electrons, and there are no more centers available to trap any additional 
injected electrons.  On the other hand, PF saturation is essentially a saturation of electron 
de-trappings due to the limited number of electrons that can be emitted from traps.  When 
PF saturation occurs, the barrier height of the Coulombic traps is completely lowered to 
the ground state, and the barrier height is zero.  All traps are, thus empty.  Beyond Sε , 
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 there are no more effective traps in the material, and there are no more electrons available 
in the trap level to be emitted.  As discussed above, the pure SCL model without 
considering the PF effect transitions from the shallow trap field region to the trap-free-
square law region at the TFL law, and we speculated that the SCL model incorporating 
the PF effect transitions at the PF saturation field.  Suppose Sε  is a transition field for the 
SCL model incorporating the PF effect, then both the TFL law and the PF saturation field 
are the transition field from the shallow trap field region to the trap-free-square law 
region.  However, these transitions are due to the completely opposite mechanisms.  In 
the pure SCL model, the transition occurs at the TFL law due to the filling process of the 
available traps.  At field greater than TFLε , all the traps are filled with electrons so that 
any additional electron injection contributes directly to conduction.  On the other hand, in 
the SCL model incorporating the PF effect, the transition occurs at the PF saturation field 
due to the emptying process of the available traps.  At field greater than Sε , the barrier 
height of the Coulombic traps becomes zero, and there are no more electrons left in the 
trap sites.  Both of these phenomena occur when the Coulombic traps essentially become 
ineffective.  When the PF effect is not included in the model, no more injected electrons 
can interact with the traps beyond the TFL law because these traps are filled with 
electrons already.  When the PF effect is included in the model, no more electron 
trapping or de-trapping can occur beyond the PF saturation field because the potential 
barrier of the traps becomes zero, rendering the traps no longer effective.  Since there are 
no more interactions between electrons and the traps, the material is essentially 
equivalent to the trap-free material. 
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  The transition from the shallow trap field region to the trap-free-square law region 
can also be explained mathematically by looking at equation (178), which is rewritten 
here for convenience: 
 
1
dJ
dx
θμε θ
εε= + . (192) 
In the shallow trap field region, the free carrier concentration is almost negligible 
compared to the trapped carrier concentration; therefore, the ratio of the free to the 
trapped carrier concentration, θ, is much smaller than 1.  When θ is small, (192) is nearly 
equivalent to the shallow-trap-square law (66), which is given as,   
 dJ
dx
μεθ εε= . 
On the other hand, in the trap-free-square law, the free carrier concentration is 
comparable to, or even larger than, the trapped carrier concentration.  As θ gets larger, the 
ratio 
1
θ
θ+  approaches 1.  When 1
θ
θ+  is 1, (192) is equivalent to the trap-free-square law 
(40), which when solved for J yields, 
 dJ
dx
με εε ⎛ ⎞= ⎜ ⎟⎝ ⎠ . 
Therefore, the transition from the shallow trap field region to the trap-free-square law 
region should not be surprising. 
 The SCL model without the PF effect predicts a transition at the TFL law.  As 
stated above, this result is mathematically proven in Section 5.4.1, and it is also 
consistent with the basic SCL theory discussed in Chapter 2.  However, it still has not 
been proven that the SCL model incorporating the PF effect predicts a transition at the PF 
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 saturation field.  The PF saturation field for the JPF_All– ( )Lε  characteristics was 
calculated to be 66.424 10  V/cmSε = × , and it appears that the transition field shown in 
Figure 6.2.1 for JPF_All agrees with the calculation.  The conceptual explanation was also 
presented, and it is logical that the transition occurs at Sε .  However, it still has not been 
proven that it is a general result for any material.  As in Section 5.2, the values are 
substituted for the parameters in equation (181) prior to the use of the numerical method.  
Therefore, the JPF_All– ( )Lε  characteristics obtained in Section 6.2 are only valid for the 
silicon material parameters, L = 1 μm, Nt = 1018 cm-3, and EC-Et = 0.562 eV.  Also, since 
we could not obtain an analytical equation for JPF_All– ( )Lε , a mathematical analysis of 
the association between the transition field and the PF saturation is difficult.  Due to these 
reasons, we have not proven that the transition for JPF_All– ( )Lε  characteristics occurs at 
Sε . 
 Because the JPF_All– ( )Lε  characteristics shown in Figure 6.2.1 are not a general 
result, another example for a different material is simulated to demonstrate similar results 
will be obtained, implying the result is general.  In this example, we chose germanium 
material parameters, L = 1 μm, Nt = 1018 cm-3, and EC - Et = 0.335 eV.  The result is 
shown in Figure 6.3.1.  The PF saturation field and the TFL law for this example are 
calculated and shown below: 
 
2
63.122 10  V/cmS
q
βε ⎛ ⎞Φ= = ×⎜ ⎟⎝ ⎠  
 71.129 10  V/cmtTFL
qN L
εε = = ×  
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 The JPF_All– ( )Lε  characteristics shown in Figure 6.3.1 are consistent with the calculated 
values of Sε  and TFLε .  Although it has not been proven in general, it appears that the 
transition from the shallow trap field region to the trap-free-square law region occurs at 
Sε  in general when the PF effect is taken into consideration. 
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Figure 6.3.1:  JPF_All – ( )Lε  Characteristics.  JSCL_All, JModern, and the trap-
free-square law are also shown for comparison.  The material parameters 
are εr = 16, μ = 3900 cm2/V s, NC = 1.04 x 1019 cm-3, L = 1 μm, Nt = 1018 
cm-3, and EC-Et =0.335 eV. 
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 CHAPTER 7 
SUMMARY AND CONCLUSIONS 
 
 The introduction of new materials is viewed as a very important issue for the 
continuing scaling and further improvement of the semiconductor industry.  For 
incorporation of these newly introduced materials, a good understanding and accurate 
modeling of their conduction mechanisms are necessary.  The Space-Charge-Limited 
(SCL) current theory and the Poole-Frenkel (PF) effect are well known conduction 
mechanisms that are often used to explain the current flow in non-metallic materials such 
as insulators and semiconductors.  It is reported in the literature that these conduction 
mechanisms are observed in many materials as the dominant mechanism of current flow, 
and many of these materials are major candidates for future microelectronics devices. 
 The PF effect is the field enhanced thermal emission of charge carriers from 
Coulombic traps in the bulk of a material.  When the electric field is applied, the barrier 
height on one side of the trap is reduced, and this reduction in the barrier height increases 
the probability of the electron escaping from the trap.  In the SCL current mechanism, the 
presence of localized traps in the forbidden gap has a significant effect on the transport of 
injected current; therefore, the field induced potential barrier lowering of the trap due to 
the PF effect influences the SCL current.  The SCL current model incorporating the PF 
model has been previously developed; however, the classical model of the PF effect was 
used [13], [14].  In the classical PF model, the PF saturation can not be predicted.  
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 Therefore, the goal of this research was to develop the SCL current model incorporating 
the modern PF model. 
 Under an applied field, the free-carrier concentration can be increased due to the 
injected free-carriers in the vicinity of a junction formed by different materials [4].  When 
the injected free-carrier concentration is larger than the thermal equilibrium value, the 
space-charge effect is said to occur.  The injected carriers influence the space charge and 
also the electric field profile.  The resulting field drives the current, and this current also 
induces the field.  The current produced due to the presence of the space-charge effect is 
referred to as the SCL current.  There are two types of electron traps that influence the 
transport of injected current:  shallow traps and deep traps.  Electron traps are defined as 
shallow when the trap energy level is above the Fermi level, and are defined as deep 
when the trap energy level is below the Fermi level. 
 When shallow traps are present in an insulator, the SCL current model is 
characterized by three field regions:  Ohm’s law region, the shallow-trap-square law 
region, and the trap-free-square law region.  At low applied fields, the injected electron 
concentration is negligible, and Ohm’s law dominates the current-voltage characteristics 
due to the thermal equilibrium electrons that are present in the material already.  As the 
applied voltage increases, more electrons are injected.  When the injected electron 
concentration becomes noticeable, the SCL current becomes appreciable, and the 
shallow-trap-square law begins dominating the current-voltage characteristics.  A further 
increase of the applied voltage injects even more electrons, and when the injected carrier 
concentration becomes large enough to fill all the traps in the material, the current-
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 voltage curve merges into the trap-filled-limit (TFL) law.  In the neighborhood of the 
TFL law, all the available traps in the material are filled with electrons, so beyond the 
TFL law, all the injected electrons contribute directly to conduction.  Therefore, in the 
neighborhood of the TFL law, the current-voltage curve rises nearly vertically, and 
merges to the trap-free-square law.  An ideal, typical set of current-voltage characteristics 
for a material containing shallow traps was illustrated in Figure 2.2.6.1. 
 When deep traps are present in an insulator, the SCL current model is 
characterized by two field regions:  Ohm’s law region and the trap-free square law 
region.  At low applied voltage, Ohm’s law dominates the current-voltage characteristics 
because the injected electron density is negligible.  As the applied voltage increases, 
more electrons are injected.  The increase in the free electron concentration raises the 
Fermi level, and this upward motion of the Fermi level begins filling the deep traps.  
When the injected electron concentration becomes large enough to fill all of the deep 
traps, any additional injected electrons at higher voltages contribute directly to 
conduction.  The current-voltage curve rises nearly vertically, and merges to the trap-
free-square law.  Typical, ideal current-voltage characteristics for a material containing 
deep traps were also illustrated in Figure 2.2.6.1. 
 The classical PF model is essentially a modified version of the model developed 
by Frenkel in 1938 [2].  It is the most commonly used PF model in literature today, and it 
predicts a linear relationship between ln Jε⎛ ⎞⎜ ⎟⎝ ⎠  and ε ,  known as a PF plot.  In 
Frenkel’s original model, Frenkel assumed that the Fermi level lies at midgap, implying 
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 that there are no acceptor traps in the material.  However, when acceptor traps are present 
in a material, acceptor compensation occurs by capturing some of the emitted electrons 
from the donor traps.  In the classical PF model, the acceptor compensation is taken into 
account by varying the PF slope parameter between 1 and 2, implying that 2ξ =  when 
there is no acceptor compensation and 1ξ =  when there is heavy acceptor compensation.  
The classical PF model assumes that the Fermi level is located significantly below the 
conduction band so that the Boltzmann approximation can be used to model the electron 
energy distribution in the conduction band.  Due to this assumption, the classical model 
results in an inaccurate prediction for the free electron concentration at fields beyond the 
PF saturation field.  PF effect saturation occurs when the applied field reduces the 
potential barrier of the traps to the ground state so that all electrons have been emitted 
from the traps.  Since no more electrons are left in the trapping centers, no more increase 
in electron emission should be observed beyond the PF saturation field.  Because the 
classical PF model fails to predict PF saturation, it effectively predicts an indefinite 
increase of electron concentration with field, which is physically inaccurate. 
 A more accurate model has been developed for the PF effect, and is referred to as 
the modern PF model.   The modern model is derived by using the Fermi-Dirac 
distribution function to describe the population statistics of the trapped electron 
concentration.  Not only does the modern model predict more accurate results, but it 
successfully predicts the saturation of the thermal emission, known as PF saturation. 
 In the publication by Murgatroyd [13], an extension of the theory of SCL current 
controlled by shallow traps with a single trapping level was considered by incorporating 
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 the reduction of trap depth due to the classical model of the PF effect.  By solving the 
problem numerically, Murgatroyd derived an approximate current-voltage equation.  
Barbe extended Murgatroyd’s work by solving the problem analytically [14].  Barbe 
derived two current-voltage equations analytically by separating the analysis into low-
field and high-field cases.   
 In the absence of traps in a material, the current density is described by the trap-
free-square law given in (43).  To derive the current density equation in the presence of 
shallow traps, it is convenient to introduce the term, θ, for the ratio of the free-carrier 
concentration to the trapped carrier concentration.  The reduction of the barrier height due 
to the PF effect is given by 
3qβ πε
εε = .  In the shallow-trap-square law, the trap level 
only appears in θ.  Because the trap depth is reduced byβ ε , the ratio of the free- to 
trapped- carrier concentration is increased.  Therefore, to incorporate the PF effect into 
the SCL current model, the ratio of the free- to trapped- carrier concentration needs to be 
redefined.  The term FPF is defined for the ratio of the free- to trapped- carrier 
concentration when the classical model of the PF effect is incorporated. 
 In Figures 4.4.1 and 4.4.2, Murgatroyd and Barbe’s results are shown graphically.  
At small voltages, Murgatroyd’s equation (96) and Barbe’s low-field equation (109) 
agree quite well, and these models show linear current-voltage curves on log-log scales as 
expected for SCL currents.  Since the PF effect is negligible at small electric fields, it is 
reasonable that these two models agree with the shallow-trap-square law.  As the voltage 
increases, the PF effect becomes significant, and likewise, the exponential terms in 
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 Murgatroyd’s equation (96) and Barbe’s high field equation (112) become significant.  At 
high voltages, Murgatroyd’s equation (96) and Barbe’s high field equation (112) agree 
fairly well, and these two models start deviating from the pure SCL shallow-trap-square 
law.  It seems that Murgatroyd and Barbe’s models are consistent.  However, as can be 
seen in Figure 4.4.1, Barbe’s low- (109) and high- (112) field curves never meet because 
Barbe’s high-field J-V curve is higher than his low-field J-V curve for any voltage.  
Barbe defined the low- field region as 
1/ 2
1V
kT L
β ⎛ ⎞⎜ ⎟⎝ ⎠   and the high-field region as 
1/ 2
1V
kT L
β ⎛ ⎞⎜ ⎟⎝ ⎠  .  However, his model does not account for the transition from one field 
region to another.  Therefore, it appears that Murgatroyd’s model is more convenient and 
practical than Barbe’s model due to the obscurity in Barbe’s model at the medium field 
range. 
 The SCL current model incorporating the modern PF model is derived by 
following the methods of Murgatroyd and Barbe.  When the classical PF model is 
incorporated, θ is defined by using the Boltzmann approximation for both free and 
trapped carrier concentrations.  However, in the modern PF model, the Boltzmann 
approximation is used only for the free carrier concentration but not for the trapped 
carrier concentration.  Therefore, in order to incorporate the modern PF model into the 
SCL current model, the Fermi-Dirac distribution function must be used for the trapped 
carrier concentration by defining θmodern.  As with the incorporation of the classical PF 
model, θmodern is replaced with FPFmodern, which is the ratio of the free to trapped carrier 
concentration when the modern model of the PF effect is considered. 
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  Due to the increased complexity of the incorporation of the modern PF model, the 
current-voltage equation could not be obtained by following Murgatroyd exactly.  
However, it was possible to obtain a plot of the current-voltage characteristics for the 
SCL mechanism with the modern PF model by using Murgatroyd’s numerical method.  
The modern version of Murgatroyd’s model and his classical model are plotted in Figure 
5.2.1.  The SCL model incorporating the modern PF model was also derived by Barbe’s 
method.  By using Barbe’s analytical method, the analytical expressions of current-
voltage equations for low- and high- field regions were obtained.  The numerical and 
analytical results of the modern model, which are the modern versions of Murgatroyd’s 
and Barbe’s models, are plotted in Figure 5.3.1.  At low voltages, the numerical result of 
the modern model and the analytical result of the modern low field model show good 
agreement, and these two models approach the pure SCL shallow-trap-square law as the 
voltage decreases as with the classical models because the PF effect is not significant at 
small voltages.  As the voltage increases, the PF effect becomes significant, and the 
numerical result of the modern model deviates from the pure SCL shallow-trap-square 
law.  At the medium voltages, the numerical modern model approaches the analytical 
modern high-field model, and the numerical modern model and analytical modern high 
field model show good agreement at the high fields.  The difference between the modern 
models and the classical models is that there is a vertical asymptote in the modern 
models.  In the modern model, the current approaches infinity as the voltage approaches a 
particular value while the classical model shows a continuous increase in current with 
voltage with finite slope.  
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 By analyzing these current-voltage curves illustrated in Figures 5.2.1 and 5.3.1, a 
question emerged on the high- field approximation.  The primary difference between the 
modern and classical models is the presence of a vertical asymptote in the modern model.  
Due to the presence of the asymptote, the voltage range for the modern model is limited.  
In Figure 5.3.1, the numerical model and the analytical high-field model do not show 
good agreement until the voltage increases to nearly the asymptotic range.  Due to the 
absence of the asymptote, good agreement between Murgatroyd’s classical model and 
Barbe’s classical high-field model is observed at the very high-field region.  However, in 
the modern model, current-voltage characteristics reach the asymptote before the voltage 
becomes high enough for the analytical high-field model to be a good approximation.  As 
discussed in Chapter 4, both Murgatroyd’s and Barbe’s models are valid only in the 
shallow trap field region.  Since Barbe’s high-field model only valid in very high field 
region, the high-field approximation may not be useful for modeling the current-voltage 
characteristics in a field range that is typical for the shallow trap field region. 
 Although an equation for the SCL current incorporating the modern PF model can 
not be obtained, an equation that relates current and field can be obtained.  Current-
voltage characteristics and current-field characteristics are not identical; however, good 
observations and many insights can be obtained from the current-field characteristics.  
The primary result of using the Fermi-Dirac distribution function in the modern model is 
a prediction of the TFL law.  It is mathematically proven that the vertical asymptote 
observed in the modern model is always at the TFL law.  When the Fermi level is much 
deeper than the trapping level, the Boltzmann approximation works well.  However, the 
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 Fermi level rises as more electrons are injected.  When the position of the Fermi level 
approaches the trap level, the Boltzmann approximation starts deviating from the correct 
population statistics of the trapped carrier concentration, and the approximation is no 
longer valid.  Therefore, the classical model fails to predict the TFL law, and thus the 
current is predicted to increase with voltage continuously with finite slope. 
 At low applied field, the modern and the classical models agree, and these two 
models predict higher current levels than the pure SCL shallow-trap-square law.  In the 
vicinity of the TFL law, the modern model predicts a very large increase in current for a 
small increase in voltage, which is consistent with the SCL current theory.  As the field 
approaches the TFL law, the modern model approaches infinity instead of merging with 
the trap-free-square law.  Although the modern model does not merge with the trap-free-
square law, this result is not unexpected because the modern model derived in Chapter 5 
is derived only for the shallow trap field region.  On the other hand, the classical model 
predicts a continuing increase of current with voltage with finite slope. 
 For comparison, the shallow trap SCL current model without the PF effect, but 
using the Fermi-Dirac distribution function, is derived and plotted in Figure 6.1.1.  When 
the Fermi-Dirac distribution function is used, the shallow trap SCL current model 
predicts the TFL law even though the PF effect is not considered.  Therefore, it can be 
concluded that as long as the trapped-carrier-concentration is accurately defined, the TFL 
law can be predicted.  Needless to say, at fields lower than the TFL law, the current level 
predicted in the shallow trap SCL model is lower than the model that includes the PF 
effect. 
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  The prediction of the TFL law for the SCL theory incorporating the modern PF 
model is analogous to the prediction of PF saturation for the modern PF model.  The TFL 
law is the voltage at which all the traps have just been filled with electrons.  Therefore, 
no more electron trapping occurs at voltages greater than the TFL law, and all of the 
additional injected electrons contribute directly to conduction.  On the other hand, PF 
saturation is essentially a saturation of electron de-trappings.  After PF saturation occurs, 
the barrier height of the Coulombic traps is completely lowered to the ground state, and 
the entire population of electrons in these traps is emitted.  In other words, the effective 
barrier is zero.  Beyond the PF saturation field, there are effectively no more traps in a 
material, and there is no further increase in the free electron concentration from electron 
de-trapping.  Both of these predictions are accomplished by a proper treatment of the 
population statistics of the trapped carriers using the Fermi-Dirac distribution function. 
 Despite of these analogies, the effect of PF saturation is not observed in the 
current-field characteristics for the SCL current theory incorporating the modern PF 
model.  The reason for this result is the approximation used in the Poisson Equation, 
trapped trappedd
dx
ρ ρ ρ
ε ε
ε += ≈ .  This approximation was made in the process of deriving the 
SCL current models with incorporation of both the classical and the modern models of 
the PF effect as shown in (65) and (120).  This approximation should be valid for most of 
the shallow trap field region since the trapped-carrier-concentration is much larger than 
the free-carrier-concentration.  However, this assumption is not valid in the vicinity of a 
transition field, such as the PF saturation field, because in the vicinity of the transition 
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 field, neither the free nor the trapped carrier concentrations are negligible.  The SCL 
current model incorporating the modern PF model was then derived using the exact 
Poisson equation.  By using the exact Poisson equation, the resulting model should cover 
both the shallow trap field region and the trap-free-square law region. 
 The current-voltage characteristics for the SCL model with the modern PF model 
and the exact Poisson equation, the pure SCL model without the PF effect but using the 
Fermi-Dirac distribution function and the exact Poisson equation, and the SCL model 
with incorporation of the modern PF model with the approximated Poisson Equation are 
plotted in Figure 6.2.1.  As seen in the lower half of the field region, two SCL models 
with the modern PF model agree.  However, when the current approaches the trap-free-
square law, the model with the exact Poisson equation merges with the trap-free-square 
law.  The model using the approximate Poisson equation continues to increase and 
asymptotically approaches infinity as the field approaches the TFL law.  On the other 
hand, the pure SCL model increases at a constant rate until it approaches closely to the 
TFL law, where it then increases very sharply in the vicinity of the TFL law.  After this 
sharp increase, the model merges with the trap-free-square law, which it follows for 
fields beyond the TFL law. 
 It appears that when the exact Poisson equation is used, the SCL models with and 
without the modern PF model predict a transition from the shallow trap field region to the 
trap-free-square law region.  Needless to say, the pure SCL model with the exact Poisson 
equation predicts a transition from the shallow trap field region to the trap-free-square 
law region exactly at the TFL law.  A general mathematical proof of this result has been 
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 accomplished and presented in Chapter 5.  This result is consistent with the basic SCL 
theory.  However, due to the PF enhancement, the model with the PF effect predicts a 
higher current level then the model without the PF effect.  Furthermore, the model with 
the PF effect merges with the trap-free-square law at a field lower than the TFL law.  
This result is inconsistent with the basic SCL theory; however, it appears that the 
transition for this model occurs at the PF saturation field. 
 The transition from the shallow-trap-square law region to the trap-free-square law 
region occurs at the TFL law when the modern PF model is not considered, and it occurs 
at the PF saturation field when the modern PF model is considered.  Both the TFL law 
and the PF saturation field are the transition field from the shallow trap field region to the 
trap-free-square law region; however, these transitions are due to the completely opposite 
mechanisms.  In the pure SCL model, the transition occurs at the TFL law due to the 
filling process of the available traps.  After the TFL law occurs, all the traps are filled 
with electrons so that any additional electron injection contributes directly to the 
conduction.  On the other hand, in the SCL model with the PF effect, the transition occurs 
at the PF saturation field due to the emptying process of the available traps.  After PF 
saturation occurs, the barrier height of the Coulombic traps is lowered completely to the 
ground state, and there are no more electrons left in the trap level.  Both of these 
phenomena occur when the Coulombic traps have essentially become ineffective.  Since 
there are no more interactions between the traps and electrons beyond the TFL law or the 
PF saturation field, a material is essentially equivalent to a trap-free material for fields 
beyond the transition field. 
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  There are two major accomplishments in this research.  The first major 
accomplishment is a derivation of the SCL current model for the shallow trap field region 
incorporating the modern PF model.  The primary result of incorporating the modern PF 
model is the prediction of the TFL law.  When the modern PF model is incorporated, a 
vertical asymptote is observed, and it is proven that this asymptote always occurs at the 
TFL law of the SCL current model.  The pure SCL current model without incorporating 
the PF effect, but using the Fermi-Dirac distribution function for modeling the trapped-
carrier-concentration, is also derived.  Although there is no current enhancement due to 
the PF effect, the TFL law is still observed.  Based on these results, it can be concluded 
that as long as the Fermi-Dirac distribution function is used to model the trapped-carrier-
concentration, the TFL law can be observed regardless of the incorporation of the PF 
model.  The second major accomplishment of this research is a derivation of the SCL 
current model with incorporation of the modern PF model which covers both the shallow 
trap field region and the trap-free-square law region.  The derivation of this model is 
accomplished by using the exact Poisson equation.  The primary result of using the exact 
Poisson equation is an observation of PF saturation at the transition from the shallow trap 
field region to the trap-free-square law region.  When the PF effect is not considered, the 
SCL model predicts transition from the shallow trap field region to the trap-free-square 
law region exactly at the TFL law.  However, when the PF effect is considered, the SCL 
model predicts a higher current level than the pure SCL shallow-trap-square law.  
Therefore, the current level becomes high enough to merge with the trap-free-square law 
at a field below the TFL law, and this transition field is appeared to be PF saturation 
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 field.  This result was not proven in the general case; however, we showed this to be true 
for two different materials:  silicon and germanium.  Therefore, it is reasonable to 
conclude that when the PF effect is considered, the SCL model predicts transition from 
the shallow trap field region to the trap-free-square law region at the PF saturation field 
instead of at the TFL law. 
 In summary, we analyzed three enhancements for modeling the SCL current in 
this research:  incorporating the PF model, using the Fermi-Dirac distribution function, 
and using the exact Poisson equation.  In the following paragraphs, the results of these 
enhancements will be summarized. 
The first order SCL current model assumes a constant trap barrier height for any 
applied field.  Therefore, when the barrier lowering due to the PF effect is incorporated 
into the SCL current model, the model predicts a higher current level than the pure SCL 
current.  In [13] and [14], Murgatroyd and Barbe derived the SCL models incorporating 
the classical PF model, and they successfully demonstrated the current enhancement due 
to the PF effect in the shallow trap field region. 
 When the Fermi-Dirac distribution function is used for defining the trapped 
carrier concentration in the SCL model, the TFL law is predicted.  In [13] and [14], 
Murgatroyd and Barbe only considered the barrier lowering due to the PF effect, and the 
Boltzmann approximation was used to define the trapped carrier concentration.  In other 
words, they incorporated the classical PF model into the SCL model.  The Boltzmann 
approximation works well when Et – EF >> kT; however, the Fermi level increases as 
more electrons are injected.  As the Fermi level approaches the trap energy level, the 
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 Boltzmann approximation deviates from the correct population statistics of the trapped 
carriers.  By using the Fermi-Dirac distribution function, the trapped carrier concentration 
can accurately be modeled even after the Fermi level crosses the trap energy level.  As a 
result of using the Fermi-Dirac distribution function, the SCL model predicts a very sharp 
increase in current at the TFL law.  The incorporation of the modern PF model is 
essentially a combination of incorporation of the PF model and the use of the Fermi-
Dirac distribution function.  When the modern PF model is incorporated into the SCL 
model, a higher current level is predicted in the shallow trap field region, and a very 
sharp increase in current is observed at the TFL law. 
 When the exact Poisson equation is used, the SCL model covers both the shallow 
trap field region and the trap-free-square law region.  In the approximate Poisson 
equation, the free carrier concentration is ignored because it is negligible for most of the 
shallow trap field region.  Therefore, when the approximate Poisson equation and the 
Fermi-Dirac distribution function are used together, the SCL model predicts that the 
current approaches infinity as the field approaches the TFL law instead of merging into 
the trap-free-square law.  By using the exact Poisson equation and the Fermi-Dirac 
distribution function together, not only does the model predict the TFL law, it also 
predicts the transition from the shallow trap field region to the trap-free-square law 
region.  When the PF model is also incorporated in the SCL model with the Fermi-Dirac 
distribution function and the exact Poisson equation, the resulting model predicts a higher 
current level than the pure SCL shallow-trap-square law.  Due to this current 
enhancement, the current level becomes high enough to merge into the trap-free-square 
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 law at a field below the TFL law; and therefore, this more advanced model predicts a 
transition from the shallow trap field region to the trap-free-square law region at a field 
below the TFL law, which turns out to be the PF saturation field. 
 In summary, when barrier lowering due to the PF effect is considered, the SCL 
model predicts a higher current level than the standard SCL current in the shallow trap 
field region.  When the Fermi-Dirac distribution function is used, the SCL model predicts 
the TFL law.  As stated above, incorporation of the modern PF model is equivalent to a 
combination of considering the barrier lowering due to the PF effect and using the Fermi-
Dirac distribution function.  When the modern PF model is incorporated, a higher current 
level is predicted in the shallow trap field region, and the TFL law is also predicted.  
When the exact Poisson equation and the Fermi-Dirac distribution function are used 
together, not only does the model predict the TFL law, but it also predicts the transition 
from the shallow trap field region to the trap-free-square law region at the TFL law.  
When the PF effect is also considered, the model predicts a transition at the PF saturation 
field instead of at the TFL law due to the increasing current in the shallow trap field 
region. 
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